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PART I. 
LEAST SGJARBS. 
CHAPTER I . 
K5TH0D- OP LEAST 3G0ARBS. 
1. INTRODUCTION. Ths method has for its object the finding of the 
best or most probable 7 a lues, for a set of unknown quantities depending 
upon physical- measurement, which can be obtained from a given set of 
observations; and to -find the degree of confidence which can be placed 
in the result 3, as determined from the agreement of the observations a- 
mong themselves. This agreement may be very misleading as to the ac- 
tual accuracy, of the results unless the circumstances under which the 
observations were taken are knoirn. 
The observations are subject to several classes of errors a3 follows: 
1st. Constant errors . or those which under the same circumstances .and 
in the measures of the same quantity, have the same value: or those in 
which the value caci be made to depend upon the circumstances by some 
definite law. They are usually subdivided into: theoretical . such as re- 
fraction and curvature in leveling, etc., whose effects, when their causes 
are once thoroughly understood, can be computed in advance, and hence they 
cease to exist as errors; iastru mental . such as the line of colli mat ioo 
of a level not being horizontal when the bubble is in the center, etc. , 
which are discovered by an examination of the instruments ;or of the ob- 
servations made with them and may be removed, when their causes are under-. 
3tood, either by a proper method of using the instruments or by subse - 
quent computation; personal, su ch as always setting a target a little 
too high, etc., and which depend upon the peculiarities of the observer. 

These latter are often the subject of special investigation under the 
name of * personal equation"; wliile not strictly constant they are near- 
ly so irith trained observers. 

These errors are sought oat and eliminated or corrections applied as 
far as pr»ssibl« 

2nd. Mistakes or abnormal errors . such as reading a circle a degree 

out of the way, the slipping of a clamp, the sighting at a wrong object, 
etc. 

8rd. Accidental errors . or the necessary inacoaracies which cannot be 
computed in advance from the circumstances of the observations and elim? 
inated. 

The limit of the first class is fixed by the limit of knowledge of in- 
struments and of physical phenomena. 

The limit of the second class can only be approximately fixed, as there 
are no means of distinguishing between infcesuracies and small mistakes. 
In what follow? the third class should be understood , unless otherwise 
stated. 

The following mar be assumed as axioms: 

1. Small errors occur more frequently, or are more probable than large 
ones. 

2. Positive and negative errors of the same magnitude are ercnally prob- 
able, and in a large number of observations are equally frequent. 

3. Very large errors do not occur. 

2. MBAN-SQOARB B8R0R. The square root of the average square of the er- 
rors, is- called the mean-square error, denoted by* m.s.e. or^,. It is 
used in comparing different sets of observations. 

Thus if A,,A X> ..^, be the true errors committed in a series of a equal- 
ly good observations, - „** 

e v = Ai.»A..Vi& = Ca*3 CO 

|x. l.In Gradmessung in Ostpceassem the excess over ISO* plus the spher- 
ical excess, is given in seconds for the measured anides in 22 triangles 

as follors: 

*The square brackets are used to denote samaatios. 
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No. A A* 


N«. A, A*- 


|J«. £. A*- 


NO. A 


A* 1 - 


• 

I + .36 + .130 


7 +1.76 


3.249 
S.093 


13 -1.36 


10,855 
1.850 


It +1.37 


J.M.SII 


2.789 


2  .93 + .865 3 -10.92 


+.846 


14 +1.86 


 3.*«*ara0 -0.72 


0.518 


3 ? .51 + .280 


9  .56 


+.314 


15 -0.42 


+ .176 


&L 1.35 


1.822 


4 -1. 46 42. 132 


10 .00 


•9P4 


16 + 1.63 


+ 2.822 


22 -0.&8 


0.960 


5 - .95 *^.902 


11 -.59 


+.348; 


tf + 1.62 1 


+ 2.624 






6 ^1.40 +1.960 


12 .00 


+ .000 


18 +1.62 


+ 2.624 
24.HII 






6.249 


10.855 


aoyoo 



/. the m.s. e. ,tsV»o.tfoo/vx. = m« 
3. LAf OP PROROGATION OP ERROR. 

Let 

• a. 



* ' a l M l i a 2 H ± 



Q Q 



(*> 



nil ere a, ,a x ... a^ , are constants unaffected by error, and M, ,m\ ,.. 
M Q ,are observed independent quantities with the o.s.e ,a &.,c lf c t ,...c n 

If £,,£',,£',, .*\ % t? x% tL\ % .. ft* n .^»^n #are the errors for different ob - 
served values of Mj ,Mg .... M n , the errors in the corresponding rallies 
of x rill be. . A . _.. _ ^ . A . A aj > 

Squaring each. line and adding, (v\ 

Positive and negative errors of the same magnitude being equally li- 
e to occur, by axiom 2,$1, the products 



12 a 1 a J ^ ( i^-i2a 1 ajfc,&3 — ±2a g a^JO 



rill tend to foot up zero (approaching it nearer the greater the num - 
ber of observed values land may be neglected. 

.'.dividing (b) by n,and remembering the definition of m.s.e.,%2. 



'! «f 



a2 

a 2 



t2 + 



<* 



(3) 



In the general case, 

rjiere f ( ) denotes any function. — 

If the different observed values be sirbstitamed for the true values 
of the observed quantities, we shall have 

•ixpamdiirg the seconrd members by Taylor "s theorem, and su^posirtf the ob- 
ervations accurate enough so that the squares products ami higher 
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erf of the A*s may be neglected? 



4k** 









.&* 






■z.-v 



a* 






x-%.-- - 



S<u.V««.\t.u.t.v 






3U*^. ^ 3lw 



^^v^^^-* £^ X * fgV - - 



Similarly w nay extend to 3 or more variables, as assumed above. 



§0.6.) ARITHMETIC MS AN. 3 

These correspond to (a), .* fron (4), 



c-g£&<H-53 w 



Bx. 1. Find the o.s.e. ia the length of a city block 500 it. long meas- 
ured with a 130 ft. tape having a m.s.e. ia its length of.01 ft. 

Ans.O. 05 ft. 
Bx. 2 Find the m.s.e. in the length of a city block 500 feet long mea3- 
ared with 5 100-ft. tapes each with a m.s.e. of .01 ft. 

Ans. 0.02 ft. 
|x.3. In the triangle AEC, AC or b  1050 ft. rith C, * ' we 
0.1 ft.; A * 50° frith t % « 10* (in arc, =10 sin 1* );. 
B ■* 64* rith t a * 10*. Find the m.s.e. for EC, or a. 
^4) reduces to a - b sin A » 903.44 ft. 

san B 



M s S§ . sin A a , 8g 
d¥. db sin B'b 




M. . M . b 00s A = a cot A 8 ,758 
dM x dA 3 in B ' 



Fi-I.l. 



-Al,-da.^siP A cos B v , . a eot B « - 441 
dM a dB sin* B 

{Substituting in (5) 

*£« a 2 £/\> a 2 cot 2 A€i+ a 2 cot 2 BtJ 

• (.85 x .1)** (441 " 10 '* .00000435)* + (758 * 10 x.000004B5) x 

* .0072 4 .0005 + .0013  .009 

l„* .095 ft. 
4. LAW OF PR0P0GATION OF ERROR, b*_ In ( b) of %3 it may be noted that 
ia summing the products of the A's. ,one of the factors, A ,may contain 
constant error, or otherwise differ from the accidental errors of observa=* 
tion included in class 3,$1, and the sum of the products will still ap- 
proximate sero,so that the value -etiijiill be given by (3) or (5). 
Ex. .1 If the m.s.e. in placing a 50-ft. tape length is .02 ft., ancT 

the m.s.e. in the length is .01 ft. ;find that in a 1500-ft. line meas - 
ured with the tape, due to both causes. 

From the first cause by (3). 

<ir (.02) 1 + (.02)* +..... for 1500/50 * 30 terms* (leach meas- 
urement giving an I/!). Ot, 

c^ .02\T3T « .1 ft. 
From the second cause, by (3), 

C» 1500/50 .01^ * .3 ft. 

From both tog ether. 

V VI . l) v +1.3)* * .32 ft. 
•^ Seducing the m.s.e. from the first source to one.half its- yalue would 
only reduce the final m.s.e. to. 3 ft., while reducing that from the sec- 
ond source to one-half would reduce the final m.s.e. to .13 ft. 

It is thus seen that but little is gained in accuracy by reda«iag one 
source of error if hen there is another much larger one unnoticed; the greatc 
gala comes from reducing the large source. 

tf. THE SIMFLB ARITHMBTIC MB AN. then a number of equally good direct 
and independent observations are taken for the value of an unknown quan- 
tity, the arithmetic mean is always taken for the best or most orobable 
value, there being no reason for giving more influence to one than to 
another of the observations. 
^Thus if the observed values are Mj ,M 2 . ... M^the most probable 

This can be written 



x.« 1/a.Mj + 1/n U z + l/ a u Q 
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so that if 1 * m.s.e. for an observed )t and t « the m.s.e.for 7 0# re hare 
from. (3) 

£J» (C/n) x  (c/q) v + to a terns-, =n(C/n) x 

0r - C* tVa (7) 

A»A«. £&§. !»S.- e ** 9l * he arithmetic mean decreases as the square roQt of 
the number of observations increases. 

"She difference between the arithmetic mean and the different observed 
values are called residuals. 

If Jhey be denoted by v, ,v x • .., and the error of the arithmetic 
mean by $, ire shall have. 

Residuals, 7 ^ « Xq - M^v.g » s Q - M g .... 

True errors , *,» (x *S- ) - «,, A v « (z *^ ) - ¥ v . . . 

or A.^jif, \» ? 2 ■**» 

sqtfaring and adding, 

t*> 09 41*01 + n$ 2 
fey can be written, 

or LO B ( 8 * 

Substituting and dividing by n, 

t x « O x 3 ' Q + * x 

The most probable valae of S, the error of 2 .is usually assumed to 
be the m.s.e. of the mean itself,or € s tyfi". substituting, 

C x - 0*y n 4C ^ n 

C x « (>*)/ (n-rl) (9) 

Prom (7), C}* 0*3 AWn-i-lB (aD) 

£z. 1. The following values are given in Pri. Tri. q. S.Lake Survey, p. 
895, for the observed difference in longitude between Detroit and Cam - 

Jbridge. * - v "* v vV 

June 21 ^ 47** 41.154 .040 .0016 

• 22 41.171 .057 .0030 
23 41.133 .024 .0006 

• 24 41.110 .004 .0000 
» 29 40.995 ._119 .0142 

'bean x # 47 41 a li!_12! .123 .0194 

^ «t/OV7o(^l>> - s/:0194/SO - *031 
6. THE WBIfflTBD ARITHMETIC MEAN. An observation is said to have the 
wieight w,wnen its m.s.e. is equal to that of the mean of w observations 
of weight, unitv. If then.*.* is the m.s.e. of an observation of weight u- 
oity,and ^, ^,...,are the m.s.e's.for reights * t ,w r ,we have from (7). 

or, *./** -^/O # . fc (11 * , 

i.e., the weights are inversely as the squares or the m.s.e_s. 

If the different values of a quantity, a^ ,M g ,» 3 have the weights 

wi.wc ,wo , each value being supposed to be the mean of «r rallies 

ol wligh? uaity,the sum of the original values can be found by multi - 

plying each mean by the number and adding; the average can then be 
found by dividing by the total number. I.e., the arithmetic mean, 

*o " 1*1*1 + * 2 W 2 + B 3 *3-V^l 4 r <V* V +) "MfM (12) 

The m.s.e. of the mean, 

l a = t'A/53 (13) 

(12) can be written, 

(■x # - lp**r,*(i # - k\K+ (x<r i a ),w,4 ... = 0, i.e.^yw]* (14) 

If each ecuatiOQ be squared. then multiplied by its corresponding w,and 
ad ed# C** v l =fw v«Ji ?K* 3  5M (a) 
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The observations with weights w give errors &; the corresponding er- 
rors for weight unity would most probably beAriT, from tne relation ( 11) 
between weights and m.s.e's. 

[wd^jls.'.the sun of the squares of the errors for weights unity, « nC*by ON. 
By 15. S-Z.y sf/iR v M ci3^ 
Substituting in (a), 

nC** [w v*3 + C x - 

<"*& 1*3/(0-1) (15> 

Cj- Qr v*)/fr3(n-*)) (16) 

Sz. 1. The following values* are given in Pri.Tri. O.S.Lake Survey. p. 
395, for the observed difference in longitude between Detroit and Cam r 

bridge. 

w v vj v w y^ 

**«"} 13 & 4^4lJl63 0.5 - .117 -.059 .00534 

S? 4Q.9§§ 0.5 + .090 +.040 .00320 

24 41.Q5I 1.0 + .003 +.003 .00006 

PR 41.030 1.0 + .016 +.016 .0002B 

J~*« 4 41.084 1„0 - .033 -.0© .00144 

11 41.«012 1.0 + .034 +.034 .00116 

Mean«0 47 41.046 Sub +.001 .01296 

V \/. 01296/ 85 * 6 $ .023. 

7. CONTROLS. 
Simple Arithmetic Mean. 

Since, v, « *.- M,. v x « z.- M x . f m  a.- M a . . .and n 1 -M. 
M-n.i> 2;x.M+|V3 

Or. , M-M-DBV n \ (17) 

Also.from (8). W«0 J * 17 ' 

Weighted Arithmetic Mean . 

Since v, • z # - M,. v x « :z a - M t . v^« z - M 3 . and by tW.lft^'fc ■], 
[w v*j « ;ij[wj - 2 a.fcr Kj + [r m 1 ] 

[w v*] -fcrM^-fr fiVr \ (:1S) 

Also, from (14), {y *3 * J 

It may be noted that .the left hand places as far as they agree may be 
left off from the values of M.or any oonstand subtracted, whenever it will, 
simplify the numerical computation for (17) or (18). 

In Uz. 1,§8. we-have for the different values of M .subtracting 41 from 
each; .154. .171.. 138.. 110, -.005. 
Squaring and adding, 

Adding J and^Tju3rTng. * 0841 

MV n - .0645 

L*5-[«T/a s #Q19 ^ nearly checking [y?]. 

.The mean z, when multiplied by 5 is +.002 greater than WJso that \j\ 
should ««-.002 instead of 0. >. • 

Ex. 2.. In tz.1,56. subtracting 40 from each M. 

|w M X J«S. 48041 
y^J>twD • 5.45744 

0.01297, checking [w v2} 

8. CLOSBNBSS OP OOMFOTATION. If the most provable value z as computed 
by a rigorous method. have the errors *,,&«>, &* ...., the value z A c.com- 
puted br an approziaflate method. will have the errors*, *,*►«. ^A^t^A^tc,.. 

Hence C^-llM^*^***- " 0** 

If we allow the difference between i^ c and ^to be O.Olt^.i.e., allow the 
a.s.e. to be increased lit by inaccuracy in oomps't at ion. which would ap- 
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pear safe .then 

.01 « cV2C; .or c * 14** <*9> 

or,the error of OMpatation can be 14* of the l.s.e. without sensibly in- 
creasing the inaccuracy of the result. - 

i,.l. In ai-place log table the error in the i«* f 1 * *^ 1 ? ™£ * I 
to .5 ,all values within these limits occurring with eonal feaoaencj a, 
«phe m.s.e. for this method of .attribution f error is ata .where .a «»* 
greatest error. This would give,m.s.e. « .5 ATS • .29 in tae 7th. place. 
An interpolated value,expressed as Mj +(Mg T ifw, where m^ and M g are 
the adjacent tabular quantities and m the percentage interval between 
the corresponding numbers. womld have the Allowing ■.s.e's. for differ- 
ent values of ».the 7th place only being retained in the interpolation 
(Annals of Mathernatics.il, pp.54-59:or Geographical Tables,p.lxxxviJ. 
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S 



§*£, 



= 1 
*.29 



1/2 
.41 



1/3 

 35 



174 



"3ZF 



176 



pa 



.33 



irill thus be well within. 



179 

.39 



179 



"I71d 



Q+A* .In geadeiic morJL 



Fhe average m.s.e. 

a m.s.e. of .3 second Is about the minimum valne'for Ibrlzontal angles, 
a triangulation will be most exact, or the test most severe, when the an* 
gles of each triangle - 60*. The change in log sin 60° for a change of 
.1* is 12.2 in the 7th. place so that the m.s.e due to inaccuracy of 

measurement * .3 + 12.2 » 3.7; i.e., c^t^ -.4/3.7 « Jl%,instead of the 14% 

allowed by (19). 
Again a m.s.e. of 1 : 1.000.000 is excellent base line work. The log 

of 1,000.000 is changed 4.3 in the 7th. place by a change of unity 



oi l.uuu.uuu is cnangea 4.3 in Loe Ytn. place oy a cnange or unity in 
the number so that c/t> s .4/ 4.3 =9%, instead of the 14 allowed by (19). 

7 -place logs are thus ample, fgr the best geodetic work. 
9-pTace 



are thus ample. for 
logs are ample for, (19), 

C^.4/.14 = X!t\ vVl.22 

i*/ -43 
or tor the best city work. 
5- place logs are ample for. 



« 2.4" 
= 7 

24* 
7 



in angle, 

in 1.000.000 in distance, 

in angle. 

in 100.000 in distance 



or for the best railroad.or ordinary first-class field wprk. 
4- place logs are ample for 240", or say 4'. in angle. 

7 in 10,000 in distance, 
or for the best chain and compass jork.and much of the stadia *ork. 

With suitable tables, like \tega.7-place; Bremiker g-place; Gauss' 5- place; 
Bncke say3 the times required for the same computation are as 3.2.1, re- 
spectively. Be also says. 3 places are sufficient for minutes and 1:4000 
in sides; 5 places for 5" and 1 : 40,000; Q places for l/Jf; and 7 places 
for 1/20 , limits not as conservative as the above. 

9. INDEFSNDBNT 0BSER7.ATI0N3 OFOH IHDEPENDSST GOANTITIBS. In the general 
case of indirect observations let the equations be of the form, 



f'.U.Y.Z ) 7 M 1  weight w x 



('20) 



M 2 =0 weight' r 2 



.is greater 



Tte.Y.E ....) 7 

in wjiich the number n of the observed quantities M, ,i K , 

than m,that of tae required ones. X'f Z. 

The observations being imperfect.no set of values cam be found for the 
unknowns which will not leave residuals. so that (20) would be more oer-? 
rectly written, 

f '< V' * * ""l =7 1 {21) 

r( i.x,z ....) - m 2 » v 2 

wtich are sometimes called error or residual equations. 
*e first find a£ proximate values, by partial solution or otherwise, for 

I.i.Z, .... so that X = X 4 x, Y « * +y..... (x.y.... .being so 

o o 

small that terms containing! the squares. products and higher powers may 
be neglected arithout sensible error;, then expand by Taylor's theorem, 
as in 5 3; ( 21) thus becomes 



a-x «f b-y + c i z 



+1 i "»ii 



+lp c Vc V 

* Z I (22) 

41 3 * V. ) 



Bq.28.) CONTROL, NORMAL EQUATIONS. 

a2^ + bjjy + c^z + ... 

a S* 4b 3 y + C 3 Z + ' 
•here a = df/d\. b * df/d¥. T c ^df/dZ., * constants. 

1 = f(X^ ,Y„,...) - M. 

The most probable values for the corrections ,x,y, z,... # ( it will be proved 
later) ffill be those rhich .Till make [w v x ] = mini mam. 
v Hence since x,y, z, ..., are independent, 

d(> v^J/dx * 0, d[w ^J/d y * 0, d[w vtyd z = 0.. . 
or **l 7 l d 7 / d z + w 2 7 2 dv * ^* x 



wjy^ d v t / dy + r, 



2 



v 



dv x /di + .... s 0"\ 
2 dv a /dy + . «0j (a> 



3u ba>t itu tin g'the values of v from (22), 

[r a*J:x + [w a b]y + [w a c) z + + ft- a 1} s 0\ 

Or a Qx+ [» b x Jy + [» bc]z+ + [j b l] s 1 («23) 

^r a c] x+ |y b cj y + Jw c^j z + . + (r c l] s ) 

These are called normal equations ,or better final equations. 
They can be more briefly tritten by substituting in (a) the values of 
the differential coefficients from (22). 

frryal =0. \wvb} =0, \wvc} =O ir .. (24) 
ff the weights are equal or unity ,jill . disappear a3 a factor, giving 

[a*] 3-V-gb3^ + [ac] z+.... +[al] s 
Tablx *M? +&3Z + .... +frfl *0 
The solution of (23), ( 24) .or ( 25) will give definite values for ^y z... 
»hich applied to the approximate values V Y o Z o"-' will give the most 
orobable ones thich can be found from the given equations or observations, 
linear equations can be arranged. in the form of ( ?2) without approxi - 
mate values whenever it will lessen the numerical work,the loss of high«r 
er poSIrs occurrinl in the reduction to linear form, and not in the later 

10. CONTROL, NORMAL EQUATIONS. Jf in (22) we place 

a l + b l + c l + •'• 1 1 * S1 

a 2 + b 2 + C 2 + *"" ^ x " 3 2 
and treat s similarly to 1, i.e., multiply each by its w a, and add the 
products; each by its w b and add; etc.; the terms of the first members 
will be the coefficients of the normal equations and the second members 

check terms for them, as below: 

[w a 1 ] i[» a b] + \w a c) + .... + \V a l\ = [w a sf\ 

\*ab] + fr b^ +[i b c] ♦..,.+[« b^ = fr b s)V(26) 

{wacj +\w b c] + (w c^ + .... + ^r a fl »[w c s} J 

3x. 1. Jordan/. Vermessungskunde, I, p. 35, gives barometer readings, as the 
means ~oT~T2years meteorological observations, at 9 stations, as follows: 

1. Eruchsal.- h * 12tf?2 B = 75f?18 6. Heiden £« 492.4 B=718.13 

2. Cann3tatt 225.1 742.37 7. Iiwv 709.1 700.43 

3. Stuttgart 270.6 733.50 8. Freuden 733.5 697„6j4 

4. Calw 347.6 731.27 9 Schop. 763.9 595.23 

5. Preidrich 40*. 7 726.99 

Plotting these valu.es with height h above sea level and barometer read- 
ing E as coordinates, the curve will be nearly\or quite a straight line 
On this account Jordan assumes, 

B * X + hY, or X + hi t B * v 

(«be theoretic function is a logarithmic one).* 
iasujDe X 8 7GCFV* . 1 * ~ .03, and to equalize coefficients, pcu 

h/ 100 (lOOy) - hV. Then 



8 



L8A3T S6JA33S. 
Table for Forcing the .tarsal Sanations. 



(Sll.*i*.J. 



"wr 


Ok 


\ 


1 


s 


V^ 


1r\ 


V» 


l 


1 


to 


-0.80 


+ 1.40 


1.44 


-.93 


1.68 


z 


1 


2.25 


-0.33 


+ 2.87 


5.03 


t.85 


6.43 


a 


1 


2.71 


«=0.15 


+ 3.55 


7.34 


*.ll 


9.65 


4 


1 


3.48 


0.92 


* 5.40 


18.11 


+3.20 


18.79 


6 


1 


4.07 


+0.47 


+ §.54 


16.56 


+1.91 


22.55 


A 


1 


4.92 


+2.45 


+ 8.37 


24.21 


12.05 


41.18 


7 


1 


7.06 


+2.87 


+10.95 


50.13 


20.32 


77.53 


8 


1 


7.34 


+3.63 


+12.02 53.88 


27.01 


86.23 


9 


X 


7.59 


+3.23 


+11.95 


59. 14' 


».07 


91.90 


9 


40.74 


+12.32 


+52.03 


229.87 


37*34 


357.97 



9 x + 40.74 y*  12.32 * Cfceck * 62.06 

40.74X+229.87 f +37.34 « 357.97 

SA^i * 1.78; Y s -.695; y * -.00395; X = X. + x * 761.73; f = Y. + 
F  -.08695. 
Substituting, the required equation becomes. 

BT-* 76fl.7fiT= .03395 tf\ 
-11. 8.8.8*8 _0P MB OHKNOfHS. If ia solving (25) the elimination 
was fally carried out, each unknown would he finally expressed as a lin- 
ear function of 1, .l x .... and the a.s.e's.of the latter being the 
ease as those of ¥, .IE*,.... and known, those of the former would folio* 
froa S3. To effect this elimination use indeterminate aulti pliers, i.e., 
anltiply the first of (25) by Q' the second by- GT....» and add the pro- 
ducts. -Then to find x, j&tresuch valies to 0/.,Gr.... that in the sum 
or final. equation the coefficients of the unknowns shall be zero, ex- 
cept those of x which shall be unity. • This gi/as. 



+ 
+ 




(*) 



-0 (b) 



[aS]QT + feb] GT + (ac] G" 

lab] 9/. +5>*3 GT + [bc] G" 

[aclftf +Lbc3 & +tc x j €f". V... « 
so that the sub equation reduces to 

x +[aij or +[bi) or +jb£) grr + 

The coefficients of the unknowns in (25) and (a) are the saae. Hence 

if the values x.y.z...... are found froa (25) in terms of 1, .1^ ...... 

those of Q^CT.... would result froa thea by putting JalJ - * 1. [>fj « 

(cl)  0. This is also evident froa (b). lie now wish to show that iffc 

I "•1*5-™ an observation of weight unity. £ * is.s.e. of the valae of x 
found froa the noraal equations, then, * 

In (b) . -j being a linear function of 1. 1 



 oclj + « 1 2 +oTl. 



■)•• i we cay 
= 



place. 



1b which by coeparing coefficients, 



(c) 



i 
a 



GT + 5, GT + c,GT -t 



+ \<? + 



c GT'.+ 



(d) 



ot « a. 

•» 

Of * 

pT« a 3 or. + b 3 cr + 

br X ftre e ?c.? h |nen e § a fi?° 3 te « Ui P lied * **■ * «« added,each 

H 8 1. W*0. [c*c]«0 ( e ) 

The nuaber of these, equations" is a. 

Kiltiply each of d by it's* and add, then by (e); 

M-tf 
Proa the value of x in (c). we have by §3. 

flenoe to find the a.s.e.of -x in terms of that of an observation;write 
-1,0,0...... for the atsolate -teras of the noraal equations and solva 



©▼. 



(f) 



C^) 



* 



Bq.32.1 SOUJTIOH OP NORMAL KOJATIONS. 9 

for x: toe value thus found multiplied by the 3quare of the m.s.e. of 
an observation /rill give the square of the m.3.e. required. 

In the same ray it may be shown that the m.s.e. of y can be found by 
using 0, - 1,0,.... ,for the absolute terms; etc. 

If the observations have different weights.*; ,w x ,w 3 -. .the mal- 

tiplication of each by itsv/T /rill, reduce the m.8.e*a^^ l| t xi £ a .... to 
CJ the m.s.e. for weight unity, by (11). $he' observations no* all having 
the m.s.e.t',(27) /rill apply to (23), or to the normal equations with 

weights, € being replaced byC. (27) could also have been derived di- 
rectly from (23). 

12. M.9*E. OF AM OBS STATION. The most probable values of the un t 
kno*n3 substituted back in (22) will give the res idual3,v'.,v*...., while 
the true values , z + dx,y 4 dy...... if known, would give the true er- 
rors. 

a'.(x + dx) + tf.(y + dy) +....+ 1' « *> 

a"(x + dx) + b"(y + dy* + 4 y « £ J (2B) 

and we €hould at once have, t^CAS)/* 
If the first equation be multiplied by a'., the second by a*, etc., then 
by \f„ b ".etc., we will have by (25) 

(aa) dx t(ab]dy +{ac] dz + - £a&) *0 



fecV) dx + 
T£q) dx + 



bQdy + {b<3 dz + - £d4) *0 

>c]dy +[c0 dz t \c£\ «Q 

These being the same form as (25), the value of dx can be found fro» 
that of x,by substituting -A for 1 in (c) A %ll. giving, 

dx -oc'*-* ••*•- onsr- * O (°i 

If we multiply (23) by v'.. v",...., respectively, the sum of the pro* 
ducts will be by XvO, 

and similarly from (22). ^ g . ry^ fr0B ^ ioh# 

t^Vld »l 7 5 (29) 

Again, multiply (22) by &',&"•••••• respectively and add; 

\a^x +(b^y 4fcA) z 4 ... 4[l/3*tvZ$) «[v\l 
Multiply (28) similarly, 

[a^x 4[bA]y 4[ c ^z..4 [1^4 fe^ld* 4fb£idy 4fcAldz.. «L^1 
From these two equations, 

[/fl"fr x 3 + [a^dx 4[bAjdy *(o£[ds 4 .... (30) 

The value of (a£)dx can be found by multiplying 

[aA^a'a +a r K" + &'+£'+ ... and (a>, 
dx « <*'£ -KX'7* , -*e><"&"-* .. . . 
giving, since the sum of the pro duct s^a'A'ZS' , .. o<V^^!.will approximate 
zero, 

£<\ zQdx «o< a'£ x 40&" **  . . . . 

.If we substitute the average value of Awfrich is C for &\&f. .this re-| 
daces to ( e), §11, 

£a£)dx ;0 

Similarly. the mean ralae of the other terms, [b£)d/. [ciQdz, will bel. 
Substituting in (30), 

dc 1 e M + mt x ,or C*KflfrtA (81) 
If the observations have different weights. they can be reduced to the 
same weight by multiplying by Vw, as in §11. giving 

£*HjiV9 /fn T m) ( 32) 

Having C or C.the m.s.e's.for the unknowns can be found from §11. 
13. SOL0TI0R OP NOBMAL EQOATIONS.- The ordinary methods answer well 
when there are but few unknowns. Indeterminate multipliers are con- 
venient in special cases, while the method of successive approximation 






JO LEA3? SOJABeS. (§14,Pig.l 

rill ofteir involve the least labor. Bit the method of substitution due 
to Gauss,»ill generally be found preferable ,as belo»: 

NORMAL EQOATIOBS. 



[aa] » +&6J y +[apj z  ...  

[aS) x + [bb] y + [be} z 4 . . .  

Cacj x 4 [be] y + (cc) z 4 . . .  
Prom the first equation. 



cVck 
al} « [as! 

M »0 [bs} 



. _ M fr3 # t a Q [as) 

Substituting, ^ L L 






C^ 



[cs.arCc^^rc^. ... 

Fro. -the first of (a), jj^ M g^ 

Sabetitatiug. 5bHQ "(bbTT] (bO) 

[cc.2]z4 ... +[oi.el »o §s.e") (vl 

where. 



a 



«*«..■* -« [bb. 1] 

Ibb.i 

Bringing down the first equation of each group,* e have the derived nor* . 
jD&J equations. OviCV. 

[aa) x 4[ab]y 4[ ac ]z 4 .... •♦{al) * [as] ^ 

t*b.l|y 4^ c .llz 4..^i.i] =0 [bs.l} 'V W> 

{cc.2]z 4 ..£l.2] * [c3.2} J 

14. FORK FOR SOLO T ION. & problem in astronomy is taken to also illus- 
trate the method of reducing a set of time transits, for clock error, az- 
imuth error and collimation error. The observed time of transit t, re - 
quires: t . 

Correction, for azimuth error, x, e x si/ity^o" ) sec 5" * %<* {&) ^ 

Correction for inclination telescope axis, i, s i cos ($-S ) sec 3 s il 
Correction for collimation errors,,* y see* s yb (c). 

to give the true clock face time t. unere^ = latitude, 5"= declination of 

the star. 

Then t  tj 4 aa 4 il * by 

If tg  true time of transit (computed from right ascension).. 

Clock correction, At s t g - t^. or At * t^r(t, 4 ax 4 Ii 4 by ) (d) 

If clock correction at time t " %At # and rate s r, 

fcfcere * is a correction to the assumed value At^.. 

Substituting in (d), .„ ^ . ... .- ~ 

or, ax4by4^4l»o (e) 

rtere 1 = At£. +(t t tj)r +t,- t x 4 ii 

Bach observed transit gives an equation (e), in which a and b can be com- 
puted from (a) and £b); 1 can be computed from the transit data and clock 
rate after assuming A t^ rhile the most probable values of x,y,z.are to be. 
found. 

The following data *as obtained by the Class- in Astronomy, Oct. Si^., 1395. 
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SOLUTION OP PROBLEM. 



t% -** i I 

*** 52583 +0!sa • 

7 51.68 +0. 14 

7 51.70 +0.17 

7 48. SB -0.34 

7 53.46 40.42 

7 51.84 40. 14 

7 51.69 40.18 

7 51. 33 40. 23 

7 51. 5p 40.16 

7 53.43 40.33 

The clock rate is small; assume r * 0.4t'< 
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"52* at 7 .p.m. 
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12 LEAST SOJABBS. (%15,Fig.l. 

Clock correctiom. at 7 p.m., Oct. 2.1895,* -r7 m 52** 0.22; Azimuth cor- 
rection = 4l s .04 ± .33; collimation correction * -0*51 ± .13* 

15. INDEF38DBNT 0QSER7.ATI0N3 a PON ^DEPENDENT QUANTITIES. If there 

are tf equations, or as they are asaally called, rigid conditions, connect- 
ing the n unknowns, the case can be redaced to §9 by eliminating nf un- 
knowns, leaving the remaining n - a 7 ., independent until connected by ob - 
serration equations. This method is asaally used when m / . is small and 
for indirect observations;when ■' is large and the observations are di- 
rect the elimination by indeterminate multipliers will involve les£ la- 
bor as below. 

bet the m rigoroas equations be. 

fCN/,,^, ----V^ = (34) 

wbere V.^ ,ftg ..... are tne most provable values of the unknowns. 

for each V. substitute the observed value U plus a correction v (V. =\Hv) 
expand by Taylor's theorem as in § &, and put ' ' 

df/dMj * a t ; df/dMj » b r .. ; df /dK 2 = a 2 ;df7d¥ 2 rbg....; 

A* v * z ^ > s Q; 

giving a^ + a 2 v 2+ a 3 v s 4 <q « 

bjv a + b 2 v 2 + b 3 v 3 .... + q^ =0 (35) 

c,v, + c x v x + V3---« *Q, -0 

These equations must be rigorously satisfied by v ( , * . ... 
The observation equations ave] 

?, - If, - 7 % ; \ - X = v % ; . .; or,(7i - M.JVw, « v.Vw^; (fc- * x hfW x * *^. 
The most probable corrections ,a ?«, . .., will be those which make 

*1 7 1 * ff 2 *2 * *3 7 3 + a minlmaB » 

or *i 7 l ^1* '^^2 * r 3 7 3 d7 3 + •"• *° ^^ 

This minimum is conditioned by (35). Differentiating, 

a-dvj + agdvg + & 3 dVg + * 

b 1 OV 1 + bgdV 2+ bgdVg + «0 

CjdVj + c b* r 2* 4 c 3 d7 3 4 * ^ 

which, must be satisfied at the same time with (36) 

The number of these equations is m'.;tae number of terms in (36) is m ; 
dnd as m> vf.,we can find the values of nf differentials in terms o'f the 
m-mf. others add substitute in (36). The remaining differentials being c 
independent their coefficients will separately equal zero. This elim- 
ination is effected by indeterminate multipliers; i.e., multiply the first 
equation by A, the secdnd by B, etc., and (36) by - l.then add the products 
and give A.E.C ..... such values that nf coefficients of dv's. shall eqta^ 

zero. The other amn'. dv's. being independent their coefficients must «©v % 

Aaj+ Eb^ CCj - w :1 v 1 * 

Aa 2 + Bb g + Cc 2 4 T»^ 2 k O 7 ) 

Aa 3 + Eb 3 + Cc 3 - r 3 v 3 e 0. 

Multiply the first by a-Ar-. the* second by a^r^,...., then by h^r^, 

bV w 2 .... /etc., and add the products; This will give by comparison 
with C35) nf normal equations containing m* unknowns. 

[a a/w) A+fab/wJ B +|a c/w) C ... + q- c 

[a b/wl A + £bb/r| B +*b c/w] C  q^' (38> 

{a- c/w] A + (bc/r) B  \c c/w} ~C . . .  q~ * 
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in which w s 1 for equal weights. 

A. B.C.... .are called correlatives of the equations of condition. Their 
values from (38) substituted in # (37) give 

? a = (a t A + t^B + c,C ..c.Kl/ir^ . . 

v x s (agA + bgB  CgC *.. )» 1/wg 
from which V,^ Mj  v^ V g » Ig + v g .v\ 3 • M g + v 3 . 

Since there were o observations and o observed quantities, while 

of. quantities have been eliminated, the difference between the nuicber of 
observations and that of the unknowns is vf.,so that (31) and (32) become 

&\y'tyr. t^fcnr*/** (40> 

16. CONTROL. If in (37) we place 

i j+ bj  c,  * s j 

a 2 +b 2 +c 2 + " s 2 

and treat 3 the sase as one of the other terms in deriving (36), the fol- 
lowing checks will resalt. It should be noted that they do not contain 
the absolute terns as in (25}. 

{a a/i] + \a b/w} +(a c/tJ = [a s/w] 

[a b/w] +[b b/w] +[b c/w] « [b s/w] (41) 

[a c/r) +[b c/r) + £c c/w] = [o s/w] 

To checker v^ multiply (39) by Vif.square and add. 

[w / 8 J»(a 2 /»0 A 2 -*- 2(a.b/w) AB + 2[a e/r) AC 4 

[b 2 /w] B* + 2'[b o/w] EC + ... 

* <*» frr*> - A,! , B V ,, r ^ C2 (48) 

Similarly for independent observations upon independent Quantities, § 9, 
multiply (22) by W .square and add. 

[*y 2 ]* If a^sMfclifabJ xr + 2[irac] xz  2(wal} i 

{wb 2 Jy 2  2[rbc) 72 + fijrtrtl y 

[re*} •2"' 4 ^[w-cg z 

* <*3), ^ *^ 

Orv*J « x(wai) * yOrMl + zfr ell +[>1 2 } (43) 

Applying (43) t<T tie example of §14. 

(y*]« 7 12.532 - 7.781 + 20.560 = .197 

nearlr checking O^as found on page 11. 

17. EXAMPLE* In the O.S.C. & Geodetic Survey Report. 1880, A.pp. 6, are giv- 
«a £he following differences of longitude.. 

Dates Observed Differences Cor. 

1851 Cambridge- Bangor V 9 m 23?'080 1 0.043 7 -- 

jS57 Bangor-Calais 6 00.316 * 0.015 7T 

1866 Galais-Hts. Content 55 37.973 ± 0.066 y« 

•1866 Bts.Cont.Poilh. 2 51 56.356 * 0.059 v, 

1$66 Poilhommer-Green. 41 33.336 1 0.049 v, 

1872 Brest-Greenwich 17 57.593 iO.022 v ft 

1872 Brest-Paris 27 18.512 iO.027 v 7 

1872 Greenwich-Paris 9 21.000 JO. 033 v fi 

1872 St. Pierre-Brest 3 » 44.810 iO.027 9 

1372 Ca«T5.St. Pierre 59 48.608 46.021 t.-q 



» 18A3? 300Aas3. 

C69-70 Gasb.-Dizlnrr 1 50.131 ±0.022 

VSHO Itehur-Brest 4 2A 42.276 ±0.347 

18B7-72 I&shiagton-Caatridge 23 4L044 ±0.018 

1872 I a3hineton-5t. Pierre 1 23 29.553 ±0.027 

iber of conditions (34) or (35) = < 

-^ .♦ I s 14- 11  1 * 4. (1* no-of ofcser- ►$ ?§ 

red dif fere aces of loagitade,n * no. «J |J ^ 

^5 +v 7^8** 003 *° 

,r.045^) 
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loraal T .25 A -.05B -.086 - 

Sr.05A4l.12B ^.11C +.040 -.045 «0 

Rotations I - 11B +.38C -.040 +.049 * 

^ 4F..04B -.04C +.14D +.096 = 



1.X 

.23 

.14 



fro» rtich A  .342J B «.063; C * - .191 ; D*-"ib3 
Substituting in (39), 

* a * .18(-.063) = -*011 ^ s .14(-342) = 



« s 



= '.048 

w 2 *.O2(-.0eS) « -.00i w g *.0?0>63+. 191) - - 0lg 
*2 s .44(-,083) * -.02B v to *.04(. 063+191-763) = ^6*0 
w 4 -.08C-.063X = -.005. *„ *.05( T .192) =-.0K> 

w 5 «.24( T .063> * -.015 v, x *.22(-. 191) ^042 

^ =.05( -.342*063) =-.014 v 13 =.03f-.763) 



«, «.07(.342) = +.024 v IH =.07(.763) 



=r023 
*.053 



.Adding each v to the corresponding observed value rill give the cost 
jt*babl€ value for the difference in longitude between t»o adjacent 
points ,* bile the s-sts aiffsrence will be found feetveen any t»o distant 
points by any circuit. 
If me square each v. mltiply ty • and add.Qrv*] «. 1148. 

0o«puting by (4 2), (57^ =?.U49. 

( 40) , C'«v: 1149/4  felTO* 



gq.60.) FUNCTION OP BBCOIBBD COAITITIBS. 10 

TheC fop each observation can be foend by dividing C by VT. 

IS. M.S. 3. OP A WHCTIOS OP THB RSOJIRBD GUAHTIflBS. for the ca3e 
of indirect observations, the unknowns being independent they can be ex- 
pressed in terns of the observed values as belo*. ~*. 
P « f(X,Y....>  f(X * x.* +y,...)  f( X jf . . . )+ JU x *iSy* 

■H + Q t * + G^y +... dX# dV *- 

Prom $11, fc), 

Substituting, 

F  H *(Q a «C+ G 2 p +...) 1,t(6^* Q 2 £'+..)l 2 

^ 3 C* « CG«'+ G X |V + . . . fci. ♦( Of* .'+ g 2 pr + . . PC^ ( 44) 

The valuesofoears gi/en in $ll,(d); those of p would be found similar- 

ly from the Q'3. obtained by patting 0,rtlP. .. for the absolute terns 
of the normal equations, as in the problea of §14; etc. 

Bq.(44) can be trans formed so that more of the numerical work of solv- 
ing tne normal equations can be utilized, but the transformation is long 

and trill be omitted. 
Por the case of direct observations let, 

■•«!  Vl ! ** 2 + "' *m 7 m (a) 

where tne v's are connected by (35), i.e., 

with |V v % 3  a minimum. 

Ifiiltiply the fir3t of (46) by k^the second by k 2 ,etc.,then add to (a>, 

giving, i 

P 1 « H 1 +(g 1 +a 1 k 1 +b 1 k 2 +..)v 1 +(g 2 +a 2 k 1 +b 2 k 2 +)7 2 +.. Qjkj+Q^g 4 O) 

if nor {roper values be given to the correlatives k l# k t , ..,ire can treat 
*, #v x% ..,as if independent as in %15, giving A2, 

€*«(g 4 * a.k.+ b,*^ ...fc} 

(g v + a x M \ V ••• 'S/ + 

or U3ing weights, 

i\ ■( g + a i 4b k +. . ) X /h + ,(g +a k + bk+..)^ , rtX 
15 1 11*2 * 2 21 22 /w * (48) 

Jf the most probable values of the Vs. are substituted in the value 
of P, .this function will have its most probable value, . . ©y§29,v^ will 
be a minimum. This condition will determine k-, k ? , . . . , by differentiate, 
ing (47) with respect to them as independent variables. 

gi,io* d ^ dk ' " ° *¥"> ' ° 

£>$k, ♦[c>b| * v +...[< a g] -0 

or using weights, 

[aa;*] k, + Tab/*} k x + Tag/iQ -O 

[an/w) k. + [bb/iO k x + ... ftg/w]] =0 ( ^^ 
These equations have the same coefficients as the normal equations (33), 
so that the values of k can be easily found by adding a column of abao-* 
lute terms in the solution as in $14. 

•x. 1. Pmd the m.s.e. in a triangle side due to the fc.s\.e's. of the neas- 
ared angles. 

The. function equation (45) is, 

P, * a • b sit A/sin B « b sinCM^ 7^/ sin (M 2 + ? 2 > 
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.. g,« df/ds^ * a cot k^ ; g v s df/dMgr -"a cot Kg 

ike.' rigorous equation to be satisfied ia closing the triangle is, 
A + B + C-(130+s) * 

;. a,* a k » a,« 1, and (49) gives kj ■&M1/CO 
sttbstituting in (47). 




i> a*sin x l'C^-C^WootMl, ♦fci^rioo* M^uft/tsfloot*, cotH^ 

If* t,»c tS t„ 
£*«2/3a % sin v r(cot l 'M 1 + cot x M 2 +cot M.^u^NV^C 

It' the triangle is equilateral, 

- C» 2/3 a&sin* 1" t> 
If the base has the m.s.e. t v ,by 1 3, t^ would be increased by (aVb x )t* 
Sxs2 find the m.s.e's. of the adjusted angles of a triangle in terns of 
£fcose of the measured ones. 




CHAPTER .II. 
THEORY. 

19. PRINCIPLSS OF PROBABILITY. The mathematical probability of the oc- 
currence of an event is defined as the ratio of the number of ways it 
may happen to the total number of trays in which it may either happen or 
fail; each' being supposed independent and equally liable to oecar. Thus 
if air urn contain a'w&i.te balls* b black and c red ones; i«a single drawl 
Probability of drawing a white ball  a/(a + b + c) C ' 

M failing ta drar a wnite ball • (b  c)/(a + b + c) 

Giving sum of /probabilities s {a  b + c)/(a + b  c)  1 ' Stsft 

Of drawing either a white ball or a black * (a + b)/(a * b  c) 

Of drawing a black,white,or red s (a + b + c)/(a + b + 

Of drawing a green ball s /(a + b + c) 

We thus see that the probability is an abstract number which varies with 

the degree of confidence wtiich can be placed in the occurrence of an e- 

vent, jzero denoting impossibility and unity certainty; that the probabil- 
ity oi occurrence plus that of failure must always eoual unity; and that 

the t probability of the o coir re nee of an event which can happen in sever- 

aT^inde pendent ways is the sum of the separate probabilities. 

If a second urn contain a' white balls* b' black and c red ones* the 

number of possible combinations or cases in a single draw from each 

urn r (a + b + c)(a' 4- \f * c'),wjhile the number of favorable cases 

for two white balls s aa'« Hence in two successive draws ,one fro* each 

urn, 

Prob. of drawing 2 wbite balls  aa'TKa+b+cHa'.+V ♦c'.)) (52) 

or by (51)* equals the product of the separate probabilities. The 
same could be proved for any number of events. 

ffe thus see that the probability of a compound event, produced by the 
occurrence of several simple and independent events, equals the product 
of the separate probabilities. 

20. PROBABILITY CURV«. Kith the accidental errors of observation, the 

following axioms derived from experience , were* stated in %1: 

.1. Small errors occur more frequently,or are more probable than large 

ones. 
2. Positive an 3 negative errors of the same magnitude are equally prob- 

able^and in a large number of observations are equally frequent. 
•• Very large errors do not occur* 




(54) 
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Prom the first axiom, it may be assumed that the probability p,of an er- 
ror ,is some fan ct ion or the error 

Prom the first axiom, it may be assumed that the probability p,ot an er- 
ror k.is some function of the error, or 

p«f(*) (a) 

Practically there is a limit to the graduation and use o-f instruments 
by which * can have only definite numerical values differing ty the fin- 
est reading: d* ,so that the probability af an error A is the "brobabil- 
ity that the error lies between £ and &+ d£> ,a value which will vary with 
dA,.\(a) would be more correctly written 

p = ft* )dA (53) 

Mathematically we have to treat & as a continuous variable. 

Taking p as a continuous function of A., 
(53) represents a curve of the general 
form Pig. 3; for, by the first axiom a- 
bove. small values of A must have the 

largest probabilities,? :by the sec- 
ond, the curve must be symmetrical about 

the axis of P: and by the third. p must 
be zero for all values of a greater than 

a- given limit ± l,an impossibility ex- 
cept for 1 ■•», although it can be close- 
ly approximated. *iq.*a. 

21. FORM OP f( A ).- Observations 
■ay be direct or indirect »i.e», the 

observed quantities may be the required ones or they may be functions of 
them. As the first is but a special case of the second, only the latter 
need be considered. 

Let us take the observation equations of % 9. 

r(x,r,....) - M,« v, ^ 

r(x,Y,... ) - m 2 = v g ) 

there being n equations and^unkno;vn3 with n> m. 

The probability of the occurrence of a given series of errors, A, ,A X% .. 
in M, ,M X ,... will be by (52) and (53) 

p « f( ^, )a* f f( A a ) dZ^ . , . (55) 

But the truB values of X»Y,... are unknown, and since &,,A V .. are found 
from them by substituting in (54), their true values are also unknown. The 
most probable values, which if the number of observations is great, may be 
taken as the true ones, of the errors and hence also of the unknowns, will 
be those which make p a maximum; or since log p varies with p. and the un- 
knowns are independent, except as connected by the observations themselves, 
the derivatives of log p with reference to X,Y,...,must equal zero. 

Tttft4U«ft.tfaMft lQg p . 1()g f ^) + , log f ( £ x ) + log dA r +10g dA^-- 

f. (> ( )d/l/dY +f.(A 1 )dA/dY *0 \ 

in which * " " ~ " ' 

f.(& ) - df(*)/(f(A)dA) (57) 

The number of these equations being the same as that of the unknowns, 

they will serve to determine them when f.(A) is known. 

f(A) and f.(&) being general, they mist hold whatever the number of 
unknowns. 

Yhen the number is one, the unknown is directly observed, giving for the 
errors, 

*,■ X - M t ,A*X- K 2 .... 

from which 

dA^ dX « dA /dX  .... « 1 
and (56) reduces to x 

r.( A,) + f.(A x ) + ..... «o 

or, {*&)/$*,+ irw*$*%+ r.W*i** *° («) 

It is usually assumed that t ha arithmetic mean in the best, or most probcCUtt 
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Of X *(K 1 +i«, + H, + ..,)/n 

X Ci o 

transposing. 

(X - Mj) ^X-Mg) + (X-M 3 )... *0 

i.e., A.+VA,*"; * 

Comparing this- with (58), and remembering that each must hold whatever 
the value of n, 

f.(£ )/A « a constant * k 

:. by (37) df(A) / f(A) « kAd* 

Integrating 

log f(&) «. *AV2+log C 
or f(A) * G«V** 

in which e is the base of the Naperian system of logarithms. 
Since as f(£0 increases A diminishes, k oust be essentially negative. 
As its value is unknown ire nay replace it by another unknown constant, 
i.e. .place k • - 1/t 1 " .giving 

p • f(*) d*« C ****** d A (59^ 

22. 00H3TAHT C. In deriving (53). the probability of an error between c 
& and A+ d& .it was assumed that p increased directly with dA .which 
would be true for small intervals. For larger intervals the probabil- 
ity varies with A. so that the sum of the separate probabilities would 
have to be taken, giving, 

Pi " £*<*>* A "C^^A (a) 

Since all errors are included between ±*o,th'e probability of an error 
between these limits » l.and of an error between andoo(plu3 and minus 
errors being equally probable)  1/2. 

;. 1/2 - CJV** 1 ** 
If &/(2V)  t*Td A s °tV2dt.^ t **> for A «*>,and 

Since the definite integral is independent of the variable. we may also 
put. 

1/2 - CCtfZ (°V H% du 
giving '• 

1/8  C*fc2f |*e-^-n*dtdu 

To integrate .take a surface of revolution gener- 
ated by a carve with equation z *£**in the 2T 
plane. or z e ef u *in the ZU plane. 

Its equation • will be z * e^^.or z « e"^ 

Its differential volume above the plane TO, as 
found by dividing into elementary prisms, will be, 

df.  zdtdu  e"*"^ dtda 
giving 

*  « C C V*~* dtda (c) 

Its' differential volume ,as found by dividing the plane TO into ele - 
mentary rings of area '•* 2iridbr. and erecting hollow cylinders ot heights 
z.will be 

<tt * 2Trrdrz  2tt rdre""**' % <±Wvt\^ N/s^f^V^vcSLT 

By (c) it is seen that the required integral s V«/4,which by (d)*TT/4. 
Substituting this value in (b), 

1/8 * cVi> /4. or - 1/t VlTrr 

,\ ( 59) becomss A v^t«i 

p. « f < A )dA « dAQT ^cvvi? (60) 

23. VALUB OF TfiDGABILm 'INTEGRAL EX 6EBtBS.-*JSubstitating the value of 




Bit 



Sjq.62.; 0EGRSE OF PRECISIOH. 19 

C in S22ja) with the limits changed to ra and + a. 

or.with AVc\tfi» t* dA »tVB d t.and the limits changed to «t » -a/UK*) as* 

*J s W% -0 /*w} l^** *( Ww) I C 1 a*. 

Sxpanding e* by Maclaurin's theorem, <*atl+*/i! +ie/xt *V/i i + -- - 

ffcich converges rapidly for small values of t. 
For large valnes of t.a more rapidly converging series is obtained by 
integrating by parts, thas: 

Je"* % dt -fW/Wd^-H/Wr^O/a ) < r» /t> Vdt ___^ 

« -(1/2t)e** + (V2V)e- tX +(1.3)/2<]7?y^)dt 
Jrf* % dt Ke^ABt) (l - l/«3tM+(l.a/(2e) x - 1.3.5/(2t* ) 3 + — ) 

Substituting^ ^ .^ A ^ 1 T ..^a) + 1#3 /(2t*) v -.1.3.5/(2 t*?4> (62) 

Prom (61) and (62) Table vVII has been constructed from which (n>\can 
be found for any value of t or A/C\T2I 

In a given set of observations errors of different magnitude should oo* 
air in proportion to their probabilities as found from Table VII. This* 
gives a Eetaod of testing theory by practice, as below: in' the 18 inde - 

csndently observed values for the angle Mednicken-Richsberg at station 
Treak/given in Gradmessung in 0stpreu3sen,p.73. 

Angle -v *v v* * A«u£i«. -v *v v* 

83* 2ff 3ST25 -1.38 1.90 forward 49". 3S -8.50 40.74 

7.50 -2.Q3 * 6.92 +7.84 

S.0O -1.13 1.28 *»• 30* 3.16 +1.71 2„©2 

4.77 -10.10 0.O1 4>57 *0.30 0.09 

3.75 +1.12 1.25 4.75 *0.12 0.01 

0»25 +4.62M.an 6.50 -1.63 ,; 2.66 

3.70 +1.17 1.37 5.00 =0.13 ' 0.02 

6.14 -1.27 1.61 4.75 *0. 12 Q.01 

4.04 «»G.83 0.69 4.25 *0.62Vo.3B 

6.96 -2>09 4.37 5.25 -0.31 0.14 

8ajB 49,36 -8v«0 +7.84 H °' nH 87.59 T 10.69 Ifcii 46^97* 

Mean  83° 30* 34?87; [v*] » 46.97 t is found * 1.66 

For probability of error <l\t • A/evT - l/(i.86V2) « .426. ;. <pH from 
Table* V.II • 45$. Number of errors <1* » n(p)t - .45 x 18 * 8. 
Similarly as below 

Bo', errors <0l5: t  .*M2$ p - 245: np - f.f § 

4.1: t -i *.426: p - 45 : np - 8.1 8 

<2 ; t -2 x.426; p - 77; np * 13.8 14 

<3 : t -3 *a426; p - 93; np - 16.8 17 

<4 : t *4 x.426; p - 99; np - 17.8 17 

>4 : t- p - D.01: np - .2 1 

fflth a larger number of observations a closer agreement would be ex- 
pected. 

24. DBGRE8 OF PRECISION. It should be noted that the value of p in 
S23 for a given value of a depends not on a but on t «^/(tvr); so that 
in two sets of observations the probability of an error less than € in 
the first *ill be equal that of an error less than Tin the second , If 
.S/tsf/c': e.g. if C* 2t .the probabiUlauftf an_ error less than o" in the 
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first fill be the sane as trial of one leas tnan$'/2 in the seconder tiie 
probability of an error 1s3sl than. say 1" in the first will be as great 
aa that of one less than Z in the seconder the degree of precision of 
the second is said to be only onerhalf as great as tnat of the first. 
The degree of precision is then inversely as i ,and observations can 
be reduced to the same degree of precision, and their errors directly 
compared by dividing them by their corresponding cs •" 

These Quotients oust in fact be abstract numbers, 3 ince AVcxttUs the 
exponent of e in (60). 

25. 0033TANT C . In a large number of obser7ations errors of differ- 
ent values will appear in proportion to their probabilities (as found 

to be nearly the case for a small number of observations in §23.. so that 
in n observations, or errors, there' should be by (eo) 

ndA' e /uVxrr) errors of value. £, 

nd tT e^cvtt) * 9 ' A "» etc. 

Squaring each error, adding, and dividing by- the total number n,we have 
for the average square the sum of a series of terms of the form. 

v -afrit* 

An da e /cii/Trr ; and since the limits ofAarexoo.we »iii have.with 
#/\t\ - t^and dA» iVTdt, _^ ^ 

Average square - U X J /n c 2tVi*rfirVdt = At x /Vn( e^Vdt 

Integrating by parts, x /*• -w 

Substituting, C*M/n = t x (63) 

ijiich by comparison with (1) shows that the constant c of §21 is the 
m.s.e. of §2. 

26, AVERAGE ERROR. Similarly to §25, we have tr.e mean value of 
the errors taken without regard to sign, 

il »64/n « Zl\f2/V«f e"* tot 7 2V7€lf*(-l/2 e^P 



'o 



or n = CV^tt** .7979C 

or C« 1.2533 n, = 1. 253SC*£l/* J < 64 ) 



) 



27. PROEAELS ERROR, r. If a series of errors be arranged in order of 
magnitude, the central one is called the probable error.' There thus be- 
ing as many errors with less values as with greater, the probability 

that any error taken at random will be less than r trill be the same as 
that_ it is greater, and each equals one-half. 

Its value is found by placing p s 1/2 in §23. and solving for tkVatfty 
giving a/ CC f2) #0P r /(cm?) * 0.4759 

from which , % 

r = 0.6745 t (55) 

The p.e. and m.s.e. are botn ased in expressing the precision of obser- 
vations. 

28. GRAPHIC REPRESENTATION. If in (60). i« l/VTwhich -reducesAto t, 

p/(dt) * f (t) 3 if\ €* 
from which the curve f(t) of Fig. 5 can be plotted by assuming values .for 
t and solving for f(t).as below. Its general form was shown in Fig. 3. 



t 


f(t) 


t 


fU) 


t 


f (t) 


0.0 


0.534 


0.3 


0.394 


1.5 


0.079 


.2 


.542 


.3 


.297 


2.0 


.010 


.4 


.43.1 


1.0 


.203 


3.0 


,000 



Sinoe p/at is an ordinate, o, the probability of an error t.will be an artr 
 f(t)dt; while (p)t of 523, the probability of an error between' and t, 

will be the area from to t below the f(t) curve. Laying tnese values of 
(p)t off as ordinates for given values of t by Table HI.se hxie tne curve 
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IfA-t, t' - 1/YT- 0.707, 3 
corresponding to the m.s.e. 
If A- .6746£, t" - .6745/ »T 
 0.477, corresponding to tffe 
p. fc. • These ordinates are 
laid off at ab and od; the 
latter will bisect thearea 

between the f(t) carve and 

the axes, and cut the (p)J 

curve at the height 0.5, 

froi the definition of p.e. 

Tne former will gire the point of inflection of -the f(t) curve, for, pi ac- 

tK second differential coefficient equal zero, 

d x f(t)/(dtM * 4 t*TT"* e tx • Zir^e^ * 

"° r t = l/-rS" * t', as aoove. 

29. PRINCIFLB OF LEAST SQUARES. In §21 we sat that with n unknowns 

dependent upon observation, their most probable values were those which 

maoe 

p « f ( A, )dA, f( AJdAv f( A 3 ) d ^»'" 
a maximum; or substituting the values of f( A, ) f( A t ) from (€0), 

pMdA.dA, dA, . . . . ) (C C?C-KV^ ****** 

a maxrmua which since d^, d a x ,....^.,c*. ••• are const ants, or are known 
from .the observations, will be a maximum when 

is a minimum; i.e., each error being divided by its m.s.e., or reduced to a 
standard degree of precision,^ 24, the most probable values of the an - 
knowns will be those wfcich make the sun of the squares of the quotients 
a minimum. Hence the name Least ^ouares. 

If the degrees of precision are equal, t can be factored out, leaving 
0*D a minimum. 
' 1(nen C&?3 is a nininumLv^Jwill also be a minimum. 

Substituting, w s((n ^ ^^ (6fl) 

Hence we nay also say that each residual being divided by its m.s.e., 
or reduced to a standard degree of precision, the most probable values , 
of the unknowns will be those which make the sun of the squares a minimum. 
He nay also note that, since it was assumed as an axion that the arith- 
metic mean of a number of equally good observations is the most probable 
value, the .arithmetic mean must make the sun of the squares of the re- 
siduals a minimum. To test this, take some other value of the unknown as 
3^ +£ . The residuals will be ¥ ^ * Vj "•tfjVg * v 2 + ^ ,k S^ar** 1 * and 

wtich sinoe £0 B 0, and n£ x is positive, will always be greater than [v^] 

SO. RELATION BBOTBEH AVERAGE, MEAN 3 GU ARE, AND PROEABLB ERRORS. To find 
the average error of 5 28 in terns of the residuals v,with one unknown, 
directly observed, we have fron (66), 

Jjrfj.ftn . a)/n)CA?Q 
.*. it may 'be concluded that on the average^ 

&h x • n/ltn - 1), and A/ 7 » vVCn r 1) 
or if v and A are a dded wit hout regard to sign* 
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.-. Average error, ^ m ^ /n - & fl /,/„{„ , i) \ 
pro. (7) an* (04) ^ ^ fl/ ^^^ J (67) 

Substituting these values of n and^in (34), 

£ =1.2888 I±7yvk(^i> €,'1.2533 [±v]/tW^=T (68) 

which are kno^n as Peter*s formulas. 
From (9) and (10). 

1 « /Drg/Cff-l); t o -VjMi(n-l) ^ (eg) 

^™^ r. - .6745 [^^f^ir 

which are known as Eessel's formulas. 

For the general case of indirect observations. ire nave t<3lJ, 

t'-O^U-i) while, *N M/n 

A /V. * JUT^S ; I? A]/ [± vj = N /n7Tn7m7 

^ ^/n • [4 v|/>/n(n-m) \ (70) 

t- 1.2B33(*vl/^nU-m; ; r * .8454'fe.v] //n(n-m) J 

Which are known as Luroth's formulas. 

For the case of direct observations upon independent Quantities m' takes 
the. place of n^m as in (4$, giving, 

, € x- l.SSSSftvl/N/nV-, r - .8454 (^/vEm 7 \ . 

(32) and (40) being. u J * T V (71) 

1 -V^U-m) and C "vTW/*'. "«ith r -. 67451 J 
The values derived from the first powers of the residuals are often used, 
became 'they are more easily computed: they are ^ not, however, as acourate 
as those derived from the second powers. Weights are readily introduced, 
if desired. 

31. LIMIT OF* ACCURACY. In deriving the preceeding formulas it has been 
been assumed ;(a) That the number of observations is great; (b) That * 
can be regarded as a continuous variable; (c) That all constant errors 
have been eliminated. With bit for observations, (aj and (b) are only 
partially satisfied; still if (c) is satisfied.the competed m.s.e. will, 
on the avefage.be the true one. although in an individual case it may 
be somewhat in error. , 

But as constant error is often present, the compatea m.s.e. may oe 
very misleading.unless the circumutances under which the observations 
were taken or the reputation of the observer, are known. Again, when the 
number of observations.n, is great, an increase in n does not reduce 
the m.s.e. as rapidly as theory would indicate U # B v\TB). and finally 
there is in every species of observations an ultimate limit of accur- 
acy beyond which no mass of accumulated observations can ever penetrate. 
As stated by Wright (Adj.of Observations) • Experience, however, shows 
that in a long series of measurements we are naver certain that our re- 
sult is nearer the truth than the smallest quantity the instrument will 

measure." 
In a word we cannot measure what we cannot see". He then quotes from 
Pfr. Sogers. who found with the meridian circle the p.e. of a single cotf - ' 
plete determination of the declination of a star s ± 0^.36 and of the 
right ascension of an equatorial star A o!026.who says: N If therefore the 
p.e. can be taken as a measure of the accuracy of the observations .there 
ought to be po difficulty in obtaining from a moderate number of obser- 
vat ions the right ascension within 0^02 and the declination within 0T.2* 
Yet^is doubtful, after continuous observations in all parts of the. world 
for A nore than 3 csntur^.if there is a single star in the heavens whose 
absolute coordinates are known within these limits.* The reason is 
that the observations are not arcanged so that constant error is elimin- 
ated, but only the accidental errors. 



Bq.71.) REJSCT108 OF DOUBTFUL 0BSSR7ATI0NS. 23 

la explanation of the statement that Ve cannot measure wfcat re cannot 
see". it say be said that the axiom Ml (snail errors occur more fre- 
quently or are more probable than large ones )> applies only down to the 
limit of appreciation or measurement, and that below this limit another 
law of distribution of error applies in which the m.s.e. of the mean does 
not increase asW. 

32. BSJBOTIOT OP DOCJBTFJL OTBEBVATIOHS. This is one of the most diffi- 
cult points in connection with the adjustment 'of obser7ations. An obser* 
server is at liberty to arrange the observations and choose the condi- 
tions ander which he will observe as his experience and best judgment 
■ay dictate. Having begin the observations, if he finds the conditions 

an favorable he is at liberty to stop* reject the work already done, and 
b£#in again ander more favorable auspices, ffhen it comes to individ - 
aal results in a set, if there is reason to suspect that an observation 
is poor before obtaining the result. a note should be made to that ef - 
fed and a line drawn through the result. If the only reason for sus- 
pecting it is because it differs from the others, the young observer 
should hesitate about rejection unless the discrepancy is so great 
that a mistake is certain. The attitude of an observer should be 

that of perfect honesty and fairness, directing his effort each time 
to obtaining the best possible value of the quantity sought without be- 
ing biased by the preceeding results, and without regard to them except 
to know in a general way that no great mistakes are being made. 
Saving the different results together, and being familiar with the cir- 
cumstances ander which the observations were made, the observer can de- 
cide which if any he will leave out in making up the mean. 

The computer in revising the work,usually assumes the right to revise 
the rejection of observations. for this purpose be, if not the obser- 
ver, will usually require a criterion. Several have been proposed. 
Peirce's is perhaps in most common use, but the following based upon Ta- 
ble VII has able advocates and is the simplest. 

If A *. 3t ^ Ta ? le ,? EI ' Vo^V"* s 2.12.giving p = .997; i.e., only 3 
errors in 1000 should exceed 3 tines the m.s.e. On this account, the 

criterion calls for rejecting errors greater than 3t in limited series 
ot observations, many object to any criterion, and leave the matter to 
the judgment of the observer,or to the computer in cases where more da- 
ical 3 knowledge **" 8abseqaent observations or by an advance in theoret- 
See on this subject fright, p 131-8 



.CHAPTER. II T. 

APPLICATION TO TRI AN (ELATION. 

33. TRIANGULATION. This is the most common method of obtaining tag 
true relative positions of distant points when considerable accuracy 
is desired. High points wben possible are chosen for stations or 
vertices .and signals are erected to make them inter* is ible. 

The horizontal angles between the signals are measured, and usually 
the vertical also. One or more base lines are measured, which allows 

of computing all the other sides. THe triangles are usaally solv- 
ed as plane by taking one-third the spherical excess of the trianrgle 

from each angle. 
The latitude and longitude of one or more stations are observed and 

the azimuth of one or more sides. The latitudes, longitudes and azi - 

muths can then be computed throughout the chain by formulas developed 

in Part. II. 

In adjusting these horizontal angles of a triangulation. there are tiro 

classes of errors or discrepancies arnica arise; one from the adjustment 
of the observed angles at a station, the other from their adjustment in 

the triangulation. Strictly both should be considered together, but 

much labor is saved by adjusting the angles at a station first, and 

with taese corrected values adjusting the angles of the 'triangulation 
without reference to the fir3t adjustment: and as the discrepancies in 

the first adjustment are small compared with those in the second, this 
method is usually chosen. 

34. STATION ADJUSTMENT. The adjustment of the angles at a station 
can be avoided by measuring tie angles independently, and without checks, 
This can be done by measuring. say the angles between adjacent stations, 
as in Fig.6,and using them directly in the second adjustment. or by meas- 
uring the angle from a reference line around to the right to each sta - 
tion as in Pig. 7. In the latter case each measured angle would cor- 
respond to a bearing oy direction of the line to its right, although 
for convenience the differences are sometimes treated as angles. 

In the first case, if the angles should close the 
horizon, the adjustment would reduce to dividing 
the discrepancy equally among the angles if of e - 
qual weight, or inversely as the .weights. if the 
weights .are unequal. 

If instead of closing the horizon. the sum of 
all is measured, the discrepancy would be divided 
equally among the angles including the sum. if of 
equal weight. or inversely as the weights if an - 
equal. The angles may be observed as in Pig. 8. 
swinging from the left hand signal to each of 
the n«?l others, then from the second to the. QrZ 
others. etc., for n-clsets, giving a total of 

n{n^l)/2 angles between n stations. 

Denoting the observed values by U % ¥ x .......and 

the required ones by 2C, ¥,Z.... or rather by X +x 

*o *?> z «+ z#the adjustment is readily effectea 
by $9. 

Another method of measuring the angles at a 
station* is .with circle fixed, to read upon each 
station in order to the right, then reverse the 
telescope and read in the reverse order. Other 
sets are taken in other positions of the cir- 
cle. The instrument arranged for this work is 
called a direction instrument, and the method, 
the method of directions. 

Denote the- required directions of the signals, 
they make with the reference line, by y.Z.U,.... 
or by Y + y, Z +z,tf -hi... where y .Z. ... are 
approximate values; also the angle between the zero 
of the circle for each position and the reference 
line by r.  X*. ft  x*,.... Then if the read- 
ings of the circle on 1 are lr v ,M'» . ...#on 2, . 
U ' IT , etc., the observation equations will be 




or the angles which 
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}T. +0f » M«* ** 9 , for the first position 
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r rlf, s v* 
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X* + Y v - M* B v£ , for the second position. etc. 
Or denoting the values of the first members when X o .f .....are substi- 
tuted by l.as in*9. (22) becomes 

x'. + y + i' 2 s *V 

x" + 1 \ s v'i . 

*  7  r g - <, 

*£' 5^^^^ giite a number of observa- . 

*" .irlol if l*ch can be' found from the separate observations by 
riS)! ; t h he K^oftS reci^ocals .ill *»• the .eights fo. the obser- 

7 \1°tS aS: 1 ?!!; m.s.e',of the coated angles can *J£«J?^Jp 
ues of the angles as in the problem of §14. If **£*& are oteervea 

^avTglnl^ 

tKian^Les. In order to determine the number connecting different 

Groups of points we may note the following: »i~ at > A f <c$- 

The number^ lines required to connect p points n l0S l*v "Id- 

are is d and this gives one check upon the observed "f^-,^ 1 * *T 
loitionaf'liae Sill give an additional check.so that with 1 lines and 

p pints. f „ 9 * 

No. of angle checks = l - p + 1 K,C) 

This will usually give the number of triangles; in exceptional cases 
triads cannoT be found and polygons »ill.^e «> be used instead 
When there is an excess in the number of triangles tne~cest shaped 
ones should usually be taken. The triangle errors can tnen be oojgjj- 
2d by comparing the sums of the three angles in each with 180  spher- 
ical excess. Squaring these.adding and dividing by the number oi tri- 
angles will give the average square.or C for a triangle. Dividing by 
3 will give the average «* for an angle.or by 3 the average etor a di- 
rection*- by *3. Comparing this with the average £* found tor the ad- 
justed angles or directions at the station. ana it will usually be iound 
greater. The reason is that the former include only the observing er • 
rors. while the latter include both the observing and triangle errors . 
or those due to eccentricity of signal and instrument. lateral refrac- 
tion. one sided illumination. etc. Subtracting the former frojn the lat- 
ter will give the C due to triangle error which roust be regarded as con- 
stant. Adding this to the C due to observing error for each angle we 
have the total for each angle; the weights for the triangle adjustment, 
rill be proportional to' these reciprocals. 

In case mors than 3 of the adjusted angles' are required to form a tri- 
angle, the sum of the squares of the triangle errors should be divided by 
the total number of angles used. for the average c* for an angle; wfcile 
in forming the sum of theO* for the adjusted angles at a station. each 
should be repeated as many times a3 the angle is used in different tri- 
angles and the total number of Ctu3ed as a divisor in obtaining the aver-* 
age. Polygons can be included with the triangles in following out 
this method for angles or dire6tions.it there are not triangles enough to 
satisfy (72). 



The effect of the triangle error is to make the weights more nearly e- 
qaal; if it is to be neglected, nearly as good results will be obtained v^ 
neglecting weights as by taking them from the i\ of the adjusted angles 



and with le ss labor. 
*An angle is aade up of the difference of two directions. 
the same as by the difference of two bearings, Thus 
the angle 1-2-3 - -1/2 + 3/2, where 1/2 and 3/2 denote 
the directions of the stations 1 and 3. 
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Care should be taken to nave the angles about equally well Manured. 





ferenV triangles BU8t"have~the~saBe length by each. 
U) gives rise to angle equations, (b) to side equations. bath ooaing un- 

Thus in the following pentagon: 

Angle equations. 

There are 6 triangles besides the station condition that the angles about 
f ■ust reaain equal to 360! (857 becomes *, A ^ 

(a^ + (b t ) + (f x )  q A - 
(*e 5 r + '(a 5 )'i"(f 5 ) 'i'^0 

(f x ) + (f 2 ) + (f 3 ) + u 4 ) + (f 5 ) " 

where, q, , q r are the suns of the observed, or star 

tion adjusted angles, in the triangles, less 180* + spher-r 
ioal excess, or the triangle errors; and (a t ), (b,) . ... 
are the corrections to the angles, or the vs. 

Side equations. 

The triangles whioh give a side equation, or a check upon the length of a. 
side, will usually hare one vertex in coaaon, called a pole, whale the sidea 

radiating from it will eaoh be ooaaon to two triangles, 

In aaking up the oheok equation; the two radiating sides of -each trian- 
gle are written as a fraction, beginning with an; one and faking the ad- 
Jaoent ones in order in either direction around to the first again, the 
denominator of the last can each tine be taken for the nunerator of the 
next when the last denominator will be the same as the first nunerator, 
giving unity for the continued product. Each f Taction can be replaoed 
by the ratio of the sines of the opposite angles in the same triangle, 
giving the required oheok on the angles. 
Thus 5 triangles have a coaaon vertex at f, giving 

af bf of gf ef m 

bf of gf ef af 



or, sin b, sin c_ din g 

.. i * •■» 


sin e-„ sin a_ 

4 D 


sin a sin b sin c„ 
Taking logs. 


sin g. sin e_ 
4 5 



log sin b -log sin. a^+log sin o. - log- sin b +log sin «|. «•■ 

log ain o 3 + log sin t H - log Bin g M  log sin a y - log sin e d -  
The df'/dM\,of *15,  d(log sin b,)/db, * Mod.cos b,/sin b.« Mod.oot b, 
where Mod. * -the modulus of the common system of logarithms. 
d(log sin b,)/db, " ratio of change in log sin to change in arc*  d /slal" 
wiiere^d "tabular difference of log sin for 1". 
•** (35) becomes 

VV - W + d 3 (0 2 ) - W * W • W *W " WW 

.- Jo ( V + S " ° 
wjiere ^  the value of the log sin equation t *hen the observed angles are 

suostltUted. 

For convenience the decimal point is moved either six or seven places 
to the right for d and q. ^^ 

37. ADJUSTMENT OF OJADPI LATERAL. Seneca Lake .1882. Angles observed 
independently. Weights found as in 935. Spherical exoess inappreciable* 
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giving 3 angle equations with q'  +4?9,q # - -2". 8, q" - - 5t7. 
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NORMAL EQUATIONS 




OvtCk 




+ 0.6 


C -0.39 


D + 4.9 


- 


- 2.91 


1.5 E 


+ 0.4 


C +1.4 


D -2.8 


- 


-1-3 


0.4 B 


+ 3.1 


C -11.11 


D - 5.7 


-0 


* 7.01 


1.4 B 


- 11.11 


C +WV.H 


D +275.0 


• o - 


2401.3 



These equations are snore readily solred with * smaller ooeffioient foe 
in the fourth. Thus let D»  10"D , giving, 



2.7 A +0.6 C - 0.04 D, +4.9 - 

1.5 B +0.4 C + 0.14 D, - 2.8 - 

0.6 A 0.4 B +3.1 C r 1.11 D, * 5.7 *. 

0.04A 0.14B -1.11C +24.11 0. 27.5 -0 

f roil which. A - -2.20. * -+1.52. C - + 1.68. 

(39) becomes 

(N?) - 1.5 (-2.20 - 7.5 (-.108)) 

(L£> - 0.6 (-2.20 +1.68) 

(OX*) - 0.6 (r2.20+18.1 W08)) 



D, 



-8.16 

+ .76 

+2.71 

r50.60 

4.08. D 



- .108 



1".3 
.1 

iiJL 



(Ml*)  

««r> - 

♦2. 8 « 
(0i H )-2.5 +18.1 
(Mi k ')40.1 *11.8 
(N*)-1.0 "23.9 



(N?) 
(M*c) 

.an 



vr 



 (LV) 



- 2M 

- 0.3 

- 2.5 

- 4.9 - -q' 

-41.0 

+5.7 

1.0 



 -46.21 («£*) - 2.1 x 7.5 

- + i.*|«e> 

-67.9 

^ 208.0 



+5.7 - - e/ 

■-15.7 
+ 1.4 *7.5 -+10. 5 
 6.7 X37.4 * +cYc\ 

boe.o 



should 



- q 



%« 



-275.9 

TbetA corrections applied to the observed angles aill give toe adjusted 
ones.. 
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38. NUMBER AND POBMATIOff OP TH8 3.IDS SOJATIOfiS.- when in any systea the 
first two points are determined by the length of the line jqining them, the 
determination of any additional point requires two sides or two directions 
bo that in any system of p points we hare to determine p - 2 points, which 
requires 2(p - 2) directions. or by adding the first 2p - 3. Hence in a sys- 
tem of 1 -sides and p points. 



No. of side equations  1 - 2p + 3 



(73) 



where each side requires to be observed over from one end only. 

Stations between which side equations exist form systems about a central 
point or pole including it in a triangle or polygon. 

Frequently the pole tails outside which a axes no difference in the so- 
lution. In either case there is one characteristic property; i.e., at every 
station three lines meet, save one, where p - 1 meet, there being p stations. 
Complications arise, from systems within systems. It is less work to take 
the pole where the least angles have been observed. in cases which permit 
of choice. 

In a completed quadrilateral where the angles are measured independently, 
it is best to take the pole at the vertex of the three triangles giving the 
anglev equations; in other cases where the adjacent angles are used giv- 
ing 4 to a triangle the pole is conveniently taken at the intersection of 

The number of angle equations was found in (72), each side requiring to 

in. both directions. ,_ L ,,.... 

?oi triangles where two bases have been measured. both being re-i 
ect t the .absolute term of the side equation becomes the ratio 



benighted .over in, bptfe directions, 
or *oe oases instead or unity 



In a ci 

led, 



primary work having been 
thrown into the second©.- 



garded, perfect. the ,a&soiute 
f the bases instead of unit 

39. ADJU3TMBH1? OP SSGOffDABf TO PRIllARt ffOBK. The 

adjusted by itself, the entire discrepancy would be ._. 

ry. This would be accomplished by placing the correction to the adjusted 
or perfect angle, or its v, equal zero, so that the term containing it would 
disappear from (35). 
Thus in the following figure, we have given the an- 
gles of the ^Ttmary triangle 1-2-3, ana those of 
the secondary triangles J-V4, 2-3-4, 3-4-l.de - 
rived as differences of direction. , ^ 

Angle equations / x^ ^Uj.»\. 




♦•(4/2) -(2/4) + (1/4) -(4/1) + q' =0 

*&/3) -(3/4) + (2/4) -(4/2) + q" = 

(4/1) -(1/4) + (3/4) -(4/3) + q" - 

Side equations 

(l-4)/(2- 4) * (2- 4)/(3- 4) * (3- 4)/ (1-4) «= 1 
or + d 1 (4/2) + d 2 (4/l) + d ? (4/3) + d 4 (4/2) + d g (4/l) + d Q (4/3)+ q"= 

Prom these the corrections can be derived as usual. 

If a secondary chain connects at each end with a primarv side and in nAnv 
other cases, the checks due to the connection are of fen brought i2 as a side 
equation , azimuth equation. latitude equation, and longitude equation; thai 
m *5i n §w tne 9° m P u1ie d side of the same length as, parallel to, and coinciding 
with, the primary side. • - B 

40. fl-8.fi. OP ANY SIDB. In §18,Sx.l, it was found that 

C= a* sin^l'CcotH, + cot*B,+ cot A, cot B, )Og/3 + «V/b* 
Similarly for the next side. 

£= a\sinM" (cot v A x + oot x B x + cot A x cot Bjft/3 + £>a\A£ 
Substituting" . 

C" a x 8in x 1"( [00^X3+ 6ot v Bl+ [cot A cot B) )€*2/3 +*£ a Vb* (in) 
This will give the m.8.e. of any side in a chain of triangles, b being the 
measured base, and A and B the angles used in computing the side. If more 
than ome series of triangles can be used the shortest or the one giving 
the smallest o.s.e. should be taken. 

41. APPROXIMATE; ADJUSTMENT POR A2IMUTB. An azimuth equation may come from 
connecting to two sides of a triangulation 
which has previously been adjusted, as al- 
ready indicated, or it may come from the ob- 
served azimuths of two triangle sides. 
Strictly the azimuth equation should be in - 
eluded with the others in the figure adjust* 
ment;but much labor is saved, 3nd often suf- 
ficient accuracy attained. by considering it 



separately after the first adjustment has 
been made. 




i<V»*r 
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fa frig. 13 the angles A and B are used in computing the side 5-8 from the 
base 1-2. The ■-?»*♦-*« ** s-3 ~»-n h* oomouted from that of 1-2 bv using on-i 




ly the an£le3 

would be found __.. 

would differ from that of 1-4 bv 180° less theronvergence of the merid- 
iaXand can be compute* from formulas in Part II. The azimuth of *•* «~x 
be found from that of 4-1 by adding C^etc. If q* * computed aziauth of 
5-S less the observed or direct value, 

Azimuth equation 

a, -(C) + (C_) • (C ) .... +o=0 
' 1 c <i z 

Angle equations 

b, U ) + (6 X ) + (C x ) =0; c, (A 2 ) + (B g ) + (C g ) =0, 

forming the normal equations as usual. 

„A - 6 + C - D ... + q s 
-A + 3B Z « 

+A + 3C s 

Finding the value of B,C,etc..., in terms of A and substituting in the 
first equation, 

nA - A/3 - A/3 - .... + q « 
nA - nA/3 + q*= 

A  L 3 q x /2n, B = - q /2n, C * + q^/2n, D * - q*-/2n, &•♦ 

z 

Corrections 

(A J « rq /2n,<B.) = - q /2n. (C.) *  q^ /n 

1 Z 1 Z 1 z 

(A J = + *q (2n, (B.) - + q /2n, (C ) - - q /n 

2 S « B C Z 

i.e., divide the excess of \ computed over the observed azimuth by the number 

of the triangles, and apply one-half of this quantity to each of the angles 
used in computing distance through the chain, and the total quantity, with 
the sign changed, to the third angle, the latter being so applied each time as 
to reduce the discrepancy. 

42. APPROXIMATE ADJUSTMENT BETJEEN BASES,- Strictly this equation should be 
added with the others in the figure adjustment, but frequently it is omitted 
until the other adjustment has been made in order to see how close the bas^ 

will check. or the check base may not have been measured until the figure 
adjustment nas been • completed. In such cases the base adjustment can be 

made separately as below. 
Base equation 

<x £d A (A) - d g (B)] + q fe - 

where ,as in Pig. 13, the A angles are opposite the required sides and the B 
angles opposite the known ones in passing from the first to the second base, 
d A and d s are the differences of the log sines of the angles for l",and q v is 
the discrepancy in the logs of the bases when the observed values are sub- 
stituted t 

Angle equations. 

b (A,)  (B,) + (C,) « 0, c (Aj + (B v ) + (C x ) ' 0. 

for n triangles. 

Normal equations. 

(£d£  td£)A  (d A% - d e# )B  (4^- d Bx )C  q v » 

(d A ,~ d.,> A + 3B S ° 

<<U X - d^A + 30 * 

Pro» the 2nd equation, B  - (d A| - d»)A/3 
Prom the 3rd equation, * - (d Ax - d e jA/3 
Substituting in the first^ 

*'• *«/ 2 t*i * d A d B * d £ 
Substituting U (09). 
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<A ) * (2d  d_M/3 (B) = -(d  2d D )A/3 # (C ) * - (d 4 - d >A/3 
1 A.i fii 1 A* Bi 1 A* B, 

This corrections to the C angles will 'tend to foot up zero. the differ- 
ences for 1 for the k and B angles averaging about equal in a triaagula- 
tion. The disturbance in the azimuth adjustment wilj. thus be small • 
By calling the C corrections zero(d  d Jthe angle equations become, 

A p 
b (A 1 )+(B)-0, c (A) + (BJ -0, -•• 

Normal equations, 
( C*J> £d|p) A + (d A - d B )B  (d A - dg)C + ...+ q v - 

( d A - d D ) A  2B =0 

A i D, 

(d Av - d^) A  20 « 

Prom which, B - - Id - d JA/2, C - Hd 4 + d D )A/2 

A, o, A x o x 

A  - 2 q / Td v •»• 2 d d + d x "} 
A V L A A B B J 

(A) « (d. * d _)A/2 ; {B) - - (d + dj A/2;... 
1 At D| A. i C| 

Shese corrections when applied will not disturb the azimuth adjustment 
bo that the length and direotion of any line will be the same computed 
from either end of the ohain* 

43. ADJUSTUSNT FOB LATITODB AND LONGITUDE. The observed latitude and 
longitude would not check throughout the chain due to local deflection 
of the plumb line. 

In joining new work to old adjusted work at two points, as in filling 
in secondary triangulation.the junction side computed through the new 
work must be parallel to the old (azimuth equation), must hare the same 
length (base line equation), and must coincide in position at one end , 
which is best effected by a latitude and longitude equation*. This last 
can be introduced in the figure adjustment, but the discrepancy in good 
work will be so small that the equation can be omitted in the first ad- 
justment, and the error in latitude and in longitude distributed as in 

a land survey without serious loss of aocuraoy. Saoh station can then 
be reduced to center by the method given* in Part II, making the figure 
consistent throughout. 
44. TBIGONOMSTHIC LS73LING. There are three methods of determining the 

difference in level trigonometrically; from non-simultaneous readings 
at the two stations; from simultaneous readings; and from readings at 
one of the stations only. Approximate formulas for the 3 cases are 

h, » k tan l/2(* x -tf, )+(■**) k x /2R l 

h v » k tan- l/2(4\-«r, ) 

h> - k cotS,+ (I - javJkVffi* 
where k s horizontal distance; e\»6 v « observed zenith distances; m v ~&~ 
coefficients of refraction*; B & s radius of curvature of the arc join - 

ing the two stations* 

The m.s.e. for each result can be found as in S 3, remembering that k is 
-well known, and that $ is nearly 90°, 

C^« k v sinV CpZ + k^/2 Sj (75) 

*£« kSin x l"t$/2 + k s <£/2Ri (7M 

££» k^einM" i} + *?c£/ai (77) 

In adjusting a net, the algebraic sum of the h's. in going around a tri- 
angle should * 0/giving for the number of the equations, the same as for 
the number of angle equations, 1 - p + 1. 

There will usually be enough reciprocal observations so that the value 
of m oan be computed for the lines observed at each station, assigning 
weights to each reciprocal set by Bessel's empirical formula, 

n,nyT/(n < + n.), where n l# n 4 , ere the numbers of obser- 
vations for £,.£«• 

The weights to be given tc the differences in height would be the re- 
ciprocals of jthe c> fou-nd above. Wright, p.392, assumes tg* 2*, C^* C.C2, 
e3 being fair 'averages. 
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45, ADOUSTMSJST OP A COMPASS' SUR7EY. Por each 
side the length and bearing are directly measured, 
wfrile the latitude and departure are computed. 
The latitude equation is, 

L "» 1 cos B (a) 

dL/dl » cos B dL/dB  - 1 sin B (b) 
: S3, Cf £cos*B + {£> sin»B (c) 

Por the departure, 

D * 1 sin B (d) 

dD/dl » sin B dD/dB « 1 cos- B (e) 

££« Cjsin*-B + t£L*C08* B («f) 

If we assume as was practically done by Dr.Bowditch that 

€j= cjl v = 1* constant * 1 C 

which reduces («b) and («d) to 

O *fc - 1 C (*9) 

i.e. , the squares- of the m.s<.e's*in latitutde and in departure are each 
proportional to the lengths of the sides. 

Jn $29 it is* shown that for equal weights' the most probable corrections- 
will be those which make the sua of the squares a minimum; and for une- 
qual weights the sum of the squares- of the quotients found by dividing 
each correction by its m.swe. Hence denoting the connections in lati- 
tude for the different sides by Vu,,?^^, ..-, 

v£ /I. + r> /l.  *£,/U + * minimum. 
Differentiating^ * 3 

dv, v./l, + dr. v. /I. + dv„ v w /l. * «0 (80) 

The sum of the corrections must eqflal the total error in latitutle wjtb 
its sign changed, -q, ,a constant, v Ui + vi.. + v kB + * q, , % 
Differentiating, dv w . + dv^ + dvu, + * (61) 

Comparing (80) and (81) .and remembering that each aist hold whatever the 
number of sides, or v's. , 

v,., /i, =v K /i v = v^/i, = iez) 

I.e., the corrections. in latitude are proportional to the lengths- of the 
sidesvaccording to the Dr..Bowditch rule. 
The same can be found for the corrections in departure, giving, 

V D , A. = V 0v /l k = V D ,/1, j 

If the corrections are required for. computing area, they can be applied 
Idirectly to the values- in the latitude and departure columns; but if they 
are required for a geometrically consistent map or record the correspond- 
ing corrections must be found for the distances- and bearings* This can 
be done by dividing the corrected departure by corrected latitude for 
the tangent of the corrected bearing, then dividing departure by sine and 
latitude by cosine for the corrected distance giving weight to £\\e value 
having the larger numerator, and using the other as- a check. This reqjuires'i 
the use of as many decimal places as- the original computation. 

Prom the differential aquations (b) and (e),the total correction to 
the side, dl , dL/cos B + dD/sin B \ fQA s 

« dL 1/L  dD 1/D J * 64; 

The total correction to the bearing, 

dB * - dL/D + dD/L, or in minutes-, 

dB\ =- dL/D sin 1'. + dD/L sin 1' (86) 

Equations (84) and (65) are readily computed with a slide rule, or even 
4 by insipection from the coordinate sheet. 
In equation (78) an uncertain ty in c haining which would amount to 1 ft. 
in 500 wpuld give, t » 1 -V500 C; or C =0.044? 

.. £ x »O.0447vT i^» (in minutes) = 0.0447 /vT sin 1' 

Substituting for different distances, 
1 Distance. Uncertainty in chaining. Uncertainty in bearing. 

10 feet 0;i4 feet O 48' 

50 0.32 21 

100 0.45 15 

1 500 1.00 07 

1 000 1.41 05 

2 000 2.00 03 

An examination of these results shows that the assumption is fairly rea- 
sonable, although it gives too great weight to the "bearings of long lines*, 
'and perhaps too small to those of very short ones* 
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46. ADJUSTMENT OP A TRANSIT SURVSY. In an ordinary transit survey no 
bearings are observed, but the horizontal angles between the lines are 
measured. In computing coordinates a meridian is observed or assumed and 
the bearings- found from the angles* To express these bearings in terms 
of the measured angles- in the adjustment equations, as should be done for 
accuracy, involves- too much labor. To use them as- observed quantities 
will give different bearings* and different coordinates-, depending upon 
the direction taken around the figire for each in case the angles do not 
* close"" 

In ordinary work the rn.swe.of an angle need. not exceed 1 minute. if care 
is taken in setting over the points- and in plumbing the flag poles, using 
tacks- on the stakes* for all lines- of less than 300 ft. .swinging without 
delay from the back sight to the front sight, and lining in a "range" 
point to swing from for all lines* of less that 50 ft. ft'ith these precau- 
tions-, the m.s.e. need not increase with the shortness of the line, as> with 
ttoe compass- with which it is- a waste of time to guard against errors of 
eccentricity in setting up or flagging. 

On very rough ground, or in going throu-gh brush, where the flag pole is 
partlyhidden.it may be difficult to keep the m.s.e. below 2 minutes-; 
while, for careful work, the m.ste.can be readily kept within 1/2 minute. 

Por good work the length of sight should be limited to about 1200 ft. 

It is- believed that the time required to swing back by the lower motion 

and' forward by the upper for a second measure of the angle is- well re- 
paid by the freedom rrom. mistakes and increased accuracy secured. 
Ordinarily, it will be -more difficult to measure distances to 1:500 than, 
angles- to minutes, while an accuracy of 1:1 000 is seldom reached except 

on level groud or for city work. 

The accuracy of angle «ork is thus considerably greater than that of 
chaining, 1 mxnute in angle giving 0.15 ft. in 500 as compared with 1 ft. 
in chaining; or ,0.5 minute, 0.15 ft. in 1 000, as compared with the 1 ft. die 
to the more accurate chaining. 

On this- account it will be admissible to adjust the angles to close the 
figure (I.e. ,so that the sum of the interior angles shall equal twice as- 
many right angles, less* four. as- the figure has- sides) by distributing the 
.error equally among the angles to the nearest 1/2 or 1/4 minute if they 
all been equally well measured, or* concentrate the corrections somewhat 
upon A poorer angles- if not 'equally well measured. The bearings or azimuths' 
are then computed and assumed to be correct in the final adjustment. 

This leaves- only the two conditionsc 
Sum ox latitudes equal aero. Sam of departures- equal sero. 

That is, 1,00s- B,  l v oos< B X ♦•l^cos B* +  \ / aft v 

l,sin fef t ♦. l x sln B x  I 3 sin B, + * J K ™ } 

where the total corrections are to be applied upon the basis- of inaccuracy 
in chaining. 

Denote the observed distances- by M,,ll 4 ,ll a , .. ,and the required correct- 
ions by v, ,v* # v,,,.. • The corrected distances will be 

1. s ". + *> . 1* « "\ + \ . 1, - M a  v, . .. 
Substituting in (66), 

('M, + v, )oos« B # + (im\ + Vi)cos B x + (** + v, )oos B*  
(M, «• v,) sin B, + (*» + vjsin B*  (*» + v, )sin B a - .or 
v, cos B, + v x cos- B t  v, cos B< + q, * 0\ (R7) 

v, sin B,  v x sin B %  v, sin Bj + .q 4 « J K ' 

where q» * M, cos- B, + li x oos- B*+ M a cos Bj+ « error in latitude, 
q x * U.sin Bi+.M x s-in B*+ M,sia B 3 + * error in depart are. 
For convenience change (87) to 

v.L./l, + v x L x /l K + v»L,/l,  *ti»0 \ ( oq ) 

v,D,/l,  *iD«/U +fiQ»/l» + +q t -0 J v ' 

where L,,L*,...,D»,D»...,., denote latitudes and departures. 
If t* for chaining increase as- l,or the weights inversely as 1,(38) be* 

00169 frVll A  [L C/fl B  q, - 

B, D/flA  tpVQB + Qt*0 ^ p ^ Solving. 

A - (q t [L D/fl - q,B)VQ)/(lDVQ CVI) - [L D/l) ) \ ( . . 

B « («q, fc D/fl - q x [LVl])/('LDVQ L^/Q - & D/ff ) J 
(09) become. 7| « L,A + D,B 1 ,^ 

v x » L X A + D X B V f«0) 

Adding, W"" A tt5  B "tfl "0, nearly. -> 

Also, v. - v, L./l, - A tf/1, + B L.D./l. 



So* 98.) 



ADJUSTMENT OP A TRANSIT 30RffflT. 
r Di - r, D./1, - A D.L./l, + B OJ/1, 
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with CO * - «iA*d IM " " <k- , 

If Ue inaoouraoy in ohaining increases- directly with the distance (€ 
raryiag as I), or the weights- inversely as 1 X ,(Q8) become, 



wUh 



A 
B 



LL*3 A + £L D\ B .♦ q, - 1 
R, iQ A  FdOB  qi -JO J 

— ~ VC'f 



> 



(91) 
(02) 



which changes 



(60) 
(62) 

(63) 



to 
to 
to 
to 



\ 




(96) 



(qk[l a - q,m )/('Dfl cm - & a > 

K & ffl - qxfcfl )/(CdO m - & 8 ) 

r, * L.I.A  0,1, B 
v %  W\K + D,,1 % B 
In order to equalise numbers* so as- to retain t*e- seme niter of decimal 
places throughout, 100 1 is used in place of 1 in (69), making the values- 
of A and B 100 tines too great and requiring the ralnes of 7 to be divid* 
ed by 100. 

If it is assumed that the error in ohainimg increases directly with- the 
distaaoe,(ff8)-may be changed to 

tx « Cj.  1 * constant  1 C 

r» t /ir -%»/!;. •▼o./u 

i.e. .the corrections in latitude are proportional to the squares of the 
si dee, as- also for the corrections in departure* 

An eiamination of (93) shows- that an error Of 1:500 in distance will 
giro 1/500 « C-,1, 
or cij- l/500*.00029 * ?\ or for 1/1 000, £ m - 3.6'.. 

These ratios are nore reasonable for transit work than those tabulated 
from (78) , bat it would require an accuracy of 1/10 000 is chaining, or the 
best grade of level ground city work to reduce the oorrespondeng angle 
error to a value easily attained in ordinary transit work-in less the fig- 
ire has- a rery large number of sides. 

In this method the error of closure of the angles would first have to be 
distri bated before computing the coordinates* 

Example l.fbe following field measurements' were made with- transit and 
tape: 

Sxa. 1.44°38.8'^,a87.24 ft. ;sta* 2,8 # 04'£,45 1.75 ft*;sta.3,12?17.5'P. 
931*60 ft.;sta.4,89*29';i,212 ft.;eta.5,2 35.5'jj,317.3 ft* ;s*** 0,9 1*9, 5' 
443*6 ft* 

The deflections- foot np 380* requiring no adjustment for angle closure. 
The line 6-1 is* nearly north and south and it is- taken for the meridian. 

In computing the coordinates- oolums* are added for LVlOO l,DVlOO 1, 
L D/100 l.made up with slide rule from the distances- and coordinates as- 

giran frlo^ 

sta- 
tion 



HiS 



DIs^" 
Itanoe 



Latitude, b. 



DepartureTDi 



T3^ 



ram 



ifel 



aring* 



301*83 
359.40 



1 
3 
3 
4 
5 
6 



J 44° 38* 5' #387. 24 
¥ 52 42.5 E451.75 
2 00 J931.60 
9 88 34 ffj21Z 
3 88 50*5 1317.3 
forth 1443*8 

Totals 



204.37 
273.70 

5.30 

HH3.M) 



921*04 
6.41 



32.16 
211*93 
317.24 



1.45 
1*65 
9.30 
0.00 
0*01 
4*44 



1*42 
8.85 

0.01 
2*11 
3.17 
0*00 



1.44 
2*18 
0*32 
-0*05 
0*06 
0.00 



929.97 

q t * 



927.45 
926.97 



- 0.48 



561.23 



JSUsJ 



581*33 
581*23 



16.75 



9*56 



3*95 



-0.10 



A 
B 



(-0.10x3.95 + 0.48*9. 56)/ (160 - 15*55) 
(*-0. 48*3.95  0.10*16. 75) /(1/90 - 15*55) 



v H 
V 

w 



♦♦0.05 
40.08 
- 0.26 

0.00 

0.00 
 0.13 

"5700 



CO 



 0*04 

 0*05 

 0*26 
0*00 
•*00 

 0*13 
+U745 



 0*029 
» - 0.001 

*©, 

w Dn 



 
 



- Qi 



1*0 



0.04 
0.03 
0.01 
0.00 
0.00 
0.00 



If any line is* regarded as perfect, as* in connecting with a survey al- 
ready adjusted, the corresponding correction is made zero and the corres-> 

ponding LVlOO l,DVlOO 1, and L D/100 1 omitted in the summation for A 
and B* 
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CBAPTBH I. 
INTRODOCTIOH 

1 GBODBTIC SORVfiY. Geodesy is= the science and art of making the 
measurements and redactions- required in- relatively locating,with accura- 
cy oh the earth's- surface, points which Bay be widely separated. It hence 
supposes a knowledge of the figure of the earth,of the various- phenomena 
which effect physical measureaents- and of the construction and ose of in- 
struBent*,in addition to the accuracy of sight and touch so characteristic 

of the good observer. / ,,*,.. 

4 triangilation^aeir^r chain of triangles., is usually employed as giving 
the best results, both in quantity and accuracy 1 , for the expenditure. He- 
rated points are chosen for the triangle vertices, at distances' apart vary- 
ing with the character of the survey froa a fer. ailes- cup to a hundred, one 
or more level lines- shorter than the others* are selected for base-lines-, in* 
such positions- that they can be readily connected with the main net; sigmals* 
are established which define the vertices- accurately, yet are conspicuous- 
enough to be seen by the aid of a telescope froa the adjacent stations* the 
horizontal angles of the triangles, and usually the vertical also, or the 
inclinations- of the sides, are then accurately aeasured with a theodolite, 
and the base-lines- with a base apparatus. All the triangle sides* and the 
differences in elevation of the vertices- can then be computed. 

Usually the elevations above sea-level of one or sore vertices are aea»- 
ured; while astronomical observations are taken to determine the latitudes* 
and the distances* in longitude from some observatory or reference station 
of one or more vertices, and the azimuths of one or more sides*. 
The actual positions* on the earth's surface, both horizontally and verti- 
cally, can then be computed. 

The objects- of a geodetic survey are usually twofold: 

(a). The location or recovery of boundary and. division lines or monuBeatSi 
and the furnishing of a net with wfrich to connect a topographic or hydro- 
graphic survey so that the inaccuracies of the latter cannot accumulate 
over large areas. 

JM. The accurate deteraination of the figure of the earth. The distance 
££??« ll e P ?! al J e ^ 8 0I \ BeridiaM through any twp stations or vertices. 
£S! £' r °\ the ^"jWatloa.airf their difference in latitude amd*W- 

^Hnear" SJffafSi ^f^ 1 ?"- »*«*■* »• difference in ifiX* 
Jha i!!Sk J J 7 tte an61e in degpee ■««»*•» or in ^rraeasare.will tfive 
the length of a degree,or the radius of curvature of th« WiSlS £ 

SaSJf T' V" '•?** latitades ' th « ZSZSS alnd X Se 2er?aian °" 
flvPi^'S i he x seBt -»«*>P a«is« a and the eccentricity e or enimticitv 
mrt-Ji V %Tb> '$ ™* * «>Wted,assuaing the section an ellinae^r til 

«ed .eridional arc. for to AuSttet .kiWh2 I eaftt tt0 ' * "*»«- 
cal at noon daring the ea.aeTtolstice at L%Z ?° B B J?** w * re '«'«- 
■ade an angle 8ir. » rftHne ™rti«i L^T* *!' " oathe « •** tier 
and reasoned fro« t5* tt»t tt. 2SK 5. m ? rtrU io «°rti«n Bgy^t, 
the distance bet^ea tae SoiotL JL Seirouaferenee met be SO tiSe 
«ents of trareleri. w 5000 atedia ^^"^S , ^ 00(,rdl »« *• *»• »*««- 
.oarference b, assaying botkSin?.^^! f?*? 00 8ta4i ' for tne °ir- 
is newly S» east of 41aSnrtnf.fi! a /."" the •*■• ■widiaa (Srona 



siar/a: s.trss.%" s?-Si££ a.. * s -- „ 

S«penaertott ot errors,a computed circumference oaly 3.1* io excess, we 

W 'l^£^£ou£ o1°orot£hairs ia the telescope M d its adaptation to 

tached. 

the facts- reported by Richer, on bis return from an astronomical ex ? 
peditioo ia~ 1672, viz, that his- clock, wjiich beat seconds, at Paris- be - 
fore starting, lost aboat tup minutes* per day wfeile at the island of 
Cayenne, 3. America, and coald only be corrected by shortening the pen - 
dalam 1 1/4 Paris* lines*. 

The announcement by Hewtton, Principle, 1687, of the theory of aniversal 
gravitation, and of the corollary of the oblate spheroidal form of the 
earth. The' first was confirmed by Pi card' 3 more accurate degree-length; 
for with the diameter of the earth thus given, the force of gravity at 
the surface and the force required to hold the moon in its orbit, were 
to each other inversely as the squares' of the distances from the earth's 
center. TJtie second was confirmed by the behavior of Bicher's pendulum; 
f»r wttoe^by Church'* Mechanics, $78, 

inhere t is the time of oscillation in seconds in vacuo; 1 the length; g 
the acceleration of gravity; and h the versed sine of the semiarc of os- 
cillation, supposed small) an increase in t for a given value of 1 in 
the lower latitude , indi cated *a decrease in g or an increase in distance 
from the earth '3 center in approaching the equator./ 
The extension of Pi card's triangalation each way from the vicinity of 
Paris- to inoltude a meridional arc of 8° 31'., between 1688 and 1716 by 
J. and- B.Gassini;fron wjiich the length of a degree of the meridian was- 
found to be less at the northern end than at the southern. The earth 
wpuld thus be a prolate spheroid, and not an oblate, as advocated by Hew- 
ton,Baygens,and others. Huygens had published is 1691 the results- of 
experiments wfcereby he found that a flexible hoop when rotated aboat 
one of its- diameters wpuld become flattened at .the poles- %t unrestraint 
ed. The controversy wfcich arose finally induced the French Academy,- 
as- the French at this- tj.Be took the lead in Geodesy, -to send oat Up ex- 
peditions*, one to Pera. antler the equator in 1785, the other to Lapland 
under the Arctic oirole in* 1786, to definitely settle the question. The 
degree length in Lapland, when made known in 1787, was- found to be grey- 
er than at Paris-; Cassini's arc wfcen revised in 1744, gave a greater 
length for a degree of the meridian at the northern end than at the 
•oat hern; so that wjien the result from Pera was receivecLaboat a year 
later all agreed in confirming the oblate hypothesis. The details' of 
the measures of these arcs* are extremely interesting. The first is- de- 
scribed by iaupertius in La Figure de la Terre, Paris, 1738, and fry Oir- 
t*>ier in Journal d'on Voyage au Hoed en 1736 -7,**ile its- remeasare It 
Srenbergi 1801-3, i« described in exposition des Operations faites- en 
La ppenie** par J. Sv an berg, Stockholm, 1805." The second. by Cassisi de 
Thury, in La meridienne de l'Obnerratorie de Paris',verif%e x * Paris, 1744. 
And the third in La figure de la terre, par M.Bouguer, Paris, 1749, and me? 
sore, des- trois premier* Oegres do. Meridien par if. de la Condamine,Par- i 
is,1751. Clarke, Geodesy - Oxford, JB80, pp. 8-13, gives an excellent rem* 
ume of .the wprk ia taplama and Perm*. 



**• triangulation to connect the "observatories of Pari* aad ween - 
riah cronosed 1*98; and* that to determine the earth *n meridian quadrant, 

%££iss?A s bat vr&srsa «u & 

mt wto be used as. a standard unit* of length to be called a rner 
The wrench, introduced the repeating circle (see *24) on the first and 
the Borda base apparatus- (see *52) on the second. »ith the one. the 
angle to be measured between- two signals, is added on the oireie as many 
tines- as desired, or as. there are repetitions, -as may be done with an or- 
dinary railroad transit, -when, subtracting the initial reading fron the 
final, with 360* added for eacli fall circumference passed, and dividing by 
the number of repetitions, the ?alne of the angle is- found with the er- 
rors* of graduation and of reading divided by the number of repetitions-, 
or by as great a nunber as desired. With the other, the change ivr length 
of the measuring rod* due to a change in temperature is- inferred fron the 
actual change with reference to a companion rod having a different rate 
of expansion:, forning a netallic,or Borda, thermometer, ffhile the theoret- 
ic advantages' have never been fully realized in either case, the importance 
of the principles' developed nay be inferred fron the faot that both' have 
held an* important place in geodetic work from that time to the present, 
for descriptions; of, the French portions of the work see expose des Oper- 
ations faites- en frrance en 1737 pour la Jonction des Observatories de 
Paris- et Gr enrich, by Mm. Sassini, Me chain, and Legendre; and the three vol- 
umes' entitled Base da. systeme metrique decimale,by Delaabre, ) Paris, 
1306V 10. J On the part of the triangulation wfrich fell to the Bnglish, a* 
Bamsden theodolite was- lntrpdsced,of such excellent quality that the re-' 
peating circle, and the corresponding method of repeating angles, has nev- 
er orossed the Channel. . This* instrument has remained in use, on primary 
triangulation in England and in India to the present time; and Col. Clarke, 
in 1880 (Geodesy, p. 14) says, that with the exception of some very trifling 
repairs, it is as good as when first used. The circle, 86 inches* in diame- 
ter, was graduated with a dividing engine by do*s into spaces of 15' j it is 
read by three micrometer microscopes to single seconds. The telescope 
has a focal length, of 3Q inches, and is- supported by an axis Up feet long. 
For a description of the work see, Account of the Observations and Galea- 
1 at ions of the Principal Triangulation** by Capt. A. B. Clarke, R.B., London, 
1358. 

8. HISTORIC 00TLIHB. Ob). The increased accuracy: introduced by the 
French and Bnglish on the survey to connect Paris- and Greenwich, and on the. 
survey to determine the length of the meter, mark the close of the eigh- 
teenth century as the beginning ,of_the era of modern geodesy. 
General interest in the subject became awakened and geodetic surveys be- 
gan to extend over Surope; while the degree of accuracy attained, in some 
respects at least, compares not unfavorably with that of the present time. 
B.G., large triangles were easily closed within 3" with the. 33-inch Rams- 
den theodolite; a maximum limit which "Kat long been prescribed by the 9* 
S. Coast Survey for primary triangles, althouga the average error .is very 
much less. 

?n Bngland,the Ordnance Survey developed from the triangulation con- 
necting Pari3 and Greenwich; it has extended over the entire kingdom 
with a triangulation and detailed topography, under Gen. Roy, Capt. nudge. 
Col. Colby, and Gen. James, respectively ad directors. See account of the 
Trigonometrical Survey of Bn gland and Wales, 1199,, also Account of the 
Observations and Calculations o.f the Principal Triangulation** by Cant 
A. R.Clarke, London, 1353. %J v 

In India,work was commenced in 1302 uader Col.Lambton,- a short arc 
Tt S hJf a fS£S d «i5 +< 179 9 ^Burrow (Montliche Correspondenz HI, 433) - : 
S i Sf ???? continued under Col. Bverest,3ir »aug£;Eieut.Gen:?alier,and 
S2 1 ^KSilfi e Eft ? a ? u objects have been mainly topographic, but in order 
to properly check the work over such large" ireae,chains of primary tri- 
angles/with an occasional tie-chain, at right angles have been carried 
along meridian lines at such distances apart that the intervening country 
can readily be covered by secondary triangles. A meridional arc of about 
23° 49*. has resulted,and an arc 'of the parallel of some :80°; the first is 
of value in degree determination* but the differeuce in longitude has not 
.been determined with sufficient accuracy to warrant the one of the second* 
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See, An Account of the Measurement of an arc of the Meridian between the 
ffcrallelsof IB* 03* and 24* 07'** ,by Col. Everest, London, 13 3D; also an Ac- 
ooant of the Measurement of Two Sections of the Meridional arc of India.*, 
by Lieut^Col. Everest, 1347; and Account of the Great Trigonometric Server of 
India, by Lieat Gen. Walker to 7ol.X,and under the order of Ool.Thuillier 
from fols.X to XW« in 1390, inclusive. 

On the Continent, geodetic work was begin in Prussia in 130 2, by von 
Each. In Switzerland and Italy work was begin in 1811, the object be- 
ing to join the French Triangilation and secure an arc of the paral- 
lel from the Atlantic Ocean to the Adriatic sea; when completed in lfi32 
it was not found very satisfactory* and has never received mnch credit. 
In Russia, the first work of value res begun in 1317 under Tenner and 
Strove; in 1355 a meridional arc of about 25* SO**., extending from the 
Danube to the Sorth Sea, had been completed. The report of the work in 
the two volumes, Arc du Meridien,de S* Zf . entre le Danube et la mer 
glacial e mesure depuis 1318, jusqu'en 1355;0uvrage* compose sur les differ- 
eats materiaux et redige,par F.C.I. 3truve,3t. Petersburg, 1330, is consid- 
ered the greatest contribution yet made to the subject of the figure of 
the earth, and should be studied by all who are interested in geodesy. 

In Hanover, Gauss measured a -meridional arc for a degree measure, 1321 - 
23, and extended the triangulation over the country, 1324-44. Bis work 
i3 classic; to it is due the first application of the method of" least 
squares in the adjustment of a triangulation net; the theory of conical 
coordinates; the general theory of geodetic lines .. on curved surfaces ; 
and the invention and use of the heliotrope. 

In 1331, Bessel and Bayer, began a triangulation to connect the chains 
of France, Hanover, Denmark, Prussia and Bavaria, vita that of Russia, and 

to serve for degrees-measurements . This work is also classic: the publi- 
cation of the report, Gradmessung in Ostpreussen and ihre Verbiadung„,by 

F.I. Bessel, Berlin, 1333, is thought by Col. Clarke to mark an era in the 

science of Geodesy, on account of the precision of the book, and of the 

work of which it treats; many of the methods which are there for the first 

time described being* still in use. 

The Russian and Austrian chains were connected between 1347 and 1351; 
and the Swiss and Lombardian chains at about the same time. The English 
and Belgian were joined in 1381. 

About 1382 the Permaneote Commission der International Srdmessung,-The 
International Geodetic Association, -mas or^nized largely through the 
efforts of Gen. Baeyer, Bessel *s cola borer. {Ffr.flelmert of Berlin, is direc- 
tor and A.3ir3Ch,of Nuremburg, permanent secretary.) For an account of the 
recent work in Surope, reference may be had to thfe yearly reports of this 
Association, which includes some tweatyrfour countries. 

But little work was done in Italy until the formation of the Italian Com- 
mission, 1335. ilork was begin in Spain in 1353 ^ and excellent results have 
been obtained under Col.Ibanez. A remeasure of the French aro of Delambre 
and Uechain was began in 1370 under the direction of M. Perrier, and this 
wa3 followed by an extension of the French and Spanish chain across the Med- 
iterranean to Algiers in 1379, giving a meridional arc of 27* extending 
from the Shetland Islands to the desert of Sahara. 

The chains of Russia and England have just bees connected through 
Central Prussia with small discrepancies between the ten base-lines 
joined. Accurate topographic surveys and lines of geodetic levels 
have also been extended over the greater part of Europe. 

The development of least squares has added much to the precision 
of geodetic work. The theory was first stated by Legendre in 1305;' it 
was added to by Adrian in 1303; but its full developement was due to 

Gaus3 in 1309, and its first application to the adjustment of a triangu- 
lation was made bjr him in adjusting the Banover arc as already noted. 

The method as now extended and perfected is applied in the reduction 
of every important geodetic survey. 

4. GEODETIC 1I0BK IN TBS UNITED STATES. The English Astronomers. Mas. 
on and Dixon, in running out the celebrated line bearing their name, found 
the position of the division line between karyland and Delaware which co- 
incides approximately with the meridian to be on low and level ground, and 
hence wall adapted to direct tsasureitsnt tor a degree determination. *c- 
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cordingly,with the aid of the Royal Society of Con aba /they made a direct 
measurement with wooden rods, starting at the south-* eat corner of Dela - 
irare and extending into Pennsylvania, of about 1° 29'.,and determined the az- 
imuths of the different portions of the liae and the latitudes of it* ex- 
tremities. The wor ft, described in London Philosophical Transactions, 1763, 
by Mason and l£askeline,is not accepted with much confidence. 

The U.S. Coast Surrey was authorized by* Congress, in 1007; bat, owing to 
lack of funds, nor k was not commenced until .1817, and but little was done ex- 
cept in detached surveys along the coast, until 1832. The tri angulation , 
which was commenced in the vicinity of Rev York Harbor, has been gradually 
extended along the entire Atlantic boast, along the Gulf coast and along 
the greater part of the Pacific coast, not including Alaska. la 1871, the 
project was authorized of connecting the Atlantic and Pacific systems 
and of furnishing trigodomettic surveys- to such states as should sake the. 
necessary provision for carrying on the topographic and geologic por- 
tions of the work. . 
The transcontinental chain, which extends approximately along the thirty- 
ninth parallel, was soon began and is now completed, (13981 giving, an arc of 
about 22° in latitude, and of about 49* in longitude. 
The opportunity afforded for state surveys has been improved by quite a 
number of states, wjiile the country will eventually be covered with a tri- 
angolation net-wiich will compare favorably with any in Europe. 

Since the extension to include interior work, the survey has bean known 
as the Coast and Geodetic Survey. It is under 'the. Treasury Department. 

The superintendents, and times of their appointments, have been,P.8. Has- 
sler, 1807; A. D.Bache, 1843, Benjamin Pierce*, 1867; C. P. Patterson, 1S74| J.B. 
Hilgard ,1331;F.M.Thorn,1336,T.C.¥endenhall,1389;« , .ir.Duffield,1894; B. 3. 
Pritchett,1397; O.H.Tittmann,1900. The yearly reports contain much val- 
uable material especially in the appendices. 

The survey of the Northern and Northwestern Lakes was commenced in 1841, 
under the War Department; better instruments and methods were introduced in 
1351, and the character of the work was gradually improved to 1870, when 
the sarvey passed under the charge of Gen.C.V«.Comstock of the Corps of Bn- 
gineers. From that date to the close U 1881 a continuous chain of tri- 
angulation, depending upon 8 carefully measured bases, was extended from it. 
Ignace Island, on the north shore of Lake Superior, to Par kefs burg in South- 
ern Illinois, a distance in latitude of ID , and from Duluth,kinn., via. Chi- 
cago, to the east end of Lake Ontario, a distance along its axis of 1,300 
miles, or in longitude of 15°. Some very excellent base-line work has 
been done and the triangulation has been carefully executed. See, Primary 
Triangula.tion U.S. Lake Survey, 1332, by 6en.C.E.Comstock;or see the year- 
ly reports of the Chief of engineers. 

Many of the states are now engaged in geodetic surveys, tfassachus- 
setts took the lead,ander_ Borden, in 1331. 

C a A P T 3 R II. 

TRIAHG0LATI0H,RE00HH0ISSAHCB, SIGNALS. 

5. FRIMARX,S3C0NDAR^ TERTIARY, TRIAMGOLATIOH. (Then a triaogalation is 
to be extended over a large tract of country, or between two or more dis- 
tant points r a system of primary triangles is employed; which is character- 
ized by the maximum development of which the topography will admit. This 
in level or slightly undulating country, will allow of triangle sides of 
only 15 to 25 miles, on account of the height of signal, and of observing 
stand, required to overcome the earth's curvature;while in mountainous 
countrv sides of from 40 to '60 miles are cofnon.and those from Mpto* 5 ® 
mtieH^StoSin. Distances are determined »ri£h an • accuracy of about 
1 : 100,000, the range being from about 1 : 60;000 to 1 : 200,000. 

If. points are required nearer together than the primary stationa.seo- 
ondary ones are established. The triangles connecting them »J-J Q 4 ttte .P"- 
mary oues,or with each other are called secondary triangles. Tneir side* 
usually vary from 5 to 25 or more miles; while an accuracy of from l : 
20000 to 1 : 50000 is usually attained. . . fAll/l „ 

If an accurate topographic or hydrographic sarvey is *> follow , 
points not more than from' 1 to 8 miles apart will be required; the tri- 
angles coooecting |*em with t&e_»«ooada«a ones are called tertiary tri- 
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angles. Their sides do not usually exceed about 5 miles; wirtlelin *Yc£ ' 
curacy of from 1:5,000 to l:2o.000,or an average of 1 : 10^300 is usual- 
ly attained. 

For surveys of less extent, the primary t*iangulation,and the second*, 
ary also is sometimes omitted. Greater care and accuracy will ♦then * 
be required in the tertiary triangulation., as it must check its own work. 
In primary work, the base-lines are usually from 4 to 12 miles long and 
they are placed from 200 to 600 miles apart measured along 'the trian- 
gulation. In secondary *ork,which does not start from primary work or 
check upon it at sufficiently small intervals, they. are. about £ to. 3 
miles long and are placed at distances apart of from 50 to 150 miles. 
In tertiary work, which is not sufficiently checked by secondary, they • 
are from 1/2 to 2 miles long, and are placed at intervals of from 10 
to 40 miles. These distances vary with the character of the work 
and of the country, as well as with the indivuality of the person con- 
ducting the survey. 

9.TRIA8G0LATIOM SYSfgJB, In connecting two distant points, or in 
following a line as a coast or boundary, a principal chain of triangula 
tion should be laid out, along which distances and azimuths or dirsi? - 
tions can be carried with the greatest accuracy and directness. At the 
end of the chain,? ad at as many intermediate points as may be thought 
necessary, a check is had by measuring a base and observing an .astronom- 
ical azimmth / and comparing the measured length and direction witft* those* 
computed through the Chain. 

In covering a large ares' with a network of triangulation,the method of- 
ten employed is to extend around the area, a main Chain, which is checked by 
closing upon itself, and which serves as a framework with which to connect 
longitudinal chains. These in turo serve for transverse chains, which com- 
plete the. gridiron of primary triangulation and allow the intervening areas 
to be reached by secondary and tertiary triangles. The discrepancy due 

to imperfect measurement are adjusted for each series, in order, and eaoh is 
then considered perfect in fitting the next lower to it. The adjustment is 
thus comparatively simple while if tfte rhqle area were covered with a series 
of continuous triangles all measured with the same accuracy, the labor 
would increase so rapidly with the number of triangles as soon to become 
prohibitory except by subdividing into more or less ar binary sections* 

The above methods should be flexible enough to allow at taking advan - 
tage of routes most favorable for the triangulation, even though they are 
some distance from the boundary,or do not give cross chains at right an - 
gles,or at uniform distances apart. 

The composition of the chain also deserves attention. In order to 
make a comparison of strings of practically the same length, Mr. C. A. Schott 
(C.and G. Survey Beport,1976,App.Z)) takes a string of KF equilateral tri- 
angles with sides of unity; 3 regular hexagons with sides of unity, each 
divided into 6 equilatercw triangles by joining a central point with the 
vertices; and 7 quadrilaterals, with diagonals of unity, Pig. l,and finds 
that: The actual lengths of the strings will 

be 5,5.% and ma*St€*p«cixs«.\^. 

The numbers of stations will be 12,17 ,and Id . 

The numbers of the sides to be sighted will be 
21, 34, and 38, 

The total lengths of the sides will be 21, 84, 
and 29.6 
w The. areas covered will be 5,9, and 4.04. 
The nuxbenof checks upon the observed angles, 
due to geometric conditions, will be 10, 21, and 28. 
While these regular figares and separate systems 
usually are not feasible, the above comparison, the 

above comparison indicates that the single string A *„^ 

of triangles is the most favorable for rapidity and economy; the differ - 

*ftie 9 which Mr. Schott used is here cnangea to 10,to give *ne same actual 
advance of triangilation rather than that of extreme points. A onadri - 
lateral in geodesy is a four-sided polygon having all the vertices 
joined. 
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«nee being more apparent ia level op prairie country, as only about two- 
thirds as many expensive elevated signals frill be required;while f f the 
level ground he wooded, the additional saving in clearing only «afcoat two- 
thirds the length of lines will usually compel its adoption even for the 
best grade of work.' The string of hexagons, or other polygons having their • 
vertices joined to an interior point, commands attention when greater width 

and accuracy are desirable; /rhile the string of quadrilaterals affords great- 
er accuracy with less stations and less labor, and is the system usually 
adopted by the C. and Geodetic Survey except for densely wooded level 
country. , 

7. ELEVATION OF SIGNAL. Usually the question of intervisibility of 
stations is best settled by actual. observation^ but when the station 
points are not intervisible,and signals can only be rendered so by ele- 
vation, the required heights may be difficult to determine by observa - 
tion, unless there is a tree or other elevated object near, from the top 
of which the desired view may be had. In such cases, if the heights of 
the' stations are known, and that of the intervening ground,which obstructs 
the view, can readily be determined,as would be the case for level ground 
or for a line passing over the water, the required heights can be readily 
computed. In the vertical section through the two stations C and ff.,Pig. 
2; let AA' be a straight line tangent at DjBDB'., the line of sight, between 
the two intervisible points B and ff., concave downwards on account of re- 
fraction. Denote the distances AD,A'.D,in miles by k, if.; the required heights 
BC^C.in feet by h,h'.;the radius in miles by B(log 8 -3.597317); and 
the coefficient of refraction, with mean value 0.07, by m,or the refraction 
angle ADB by m * AOD. Then in the right triangle 
AOD, ' g 

HC + R) 2  k 2 + R 2 ,or AC, in miles  j^.oearly a^ 

'.' AD6* mAOD * 2mA DC, and the angles are small, 

/ AB * 2wAC,and BC,in miles, or _k- « 

,. 5280 

AC-AB« j£ (1 -2m) ; h *-£ X). 86**5280 
2R XH 

k* - 1.743 b <*> 

where k is in miles and h is in feet. v o 

I.e..tfcj saoare &f the. distance in; miles U about 1 d/4 timeT "the rg- 
qiired elevation in feet: - a convenient rule easily remembered. 
For k in kilometers and h in meters, (1) reduces to 

_ , k 2 - 14.807 Q (<g) 

v^e line of sight should not pass nearer the surface than 10 feet at the 
tangent point, on account of the lack of transparency and danger of lateral 
re fraction, due to the disturbed lower air. 

Bx.l. Two stations <jf the U.S. Lake Survey, Buchanan on the north aide of 
Lake 3u per lor, and Bru6 River on the south, are 10 and 19 feet above lake 
leve^respeotW€ly,and 16 miles apart. A signal' 35 feet high was used at 

Bow high should. the instrument and observing stand be elevated at Buchan- 
i2 °S»t v t 2^ see * he tt PPe p ^ feet of **e signal at Brule? 
d? t- ", 30 1 34; ?V ^ * 84>the ava ilable height at Brule. 
BrJl^t •/ * iD (1) ' k * ^-* 4S * *« - 6.5 milfs,the distance from 

^^jess^* 16 - 6 - 5  9 - 5 Biie3 - the di3taQce £ro - *• taa - 

D ' « (9.5)2 

i.l n*  52 feet. 

52 4 p » 62, the re wired height above lake level, or 52 feet above the 
ground. 

8. BINTS IN SfiLECTING STATIONS. Choose the highest elevation? even if 
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at greater first oo3t on account of inaccessibility. They will then the 
better command dew ground, if at anR time it becomes necessary to extend 
the work beyond its original limits; while high lines of sight meet lass 
atmospheric disturbance. 

Use as long lines as the topography of the country, and the visibility of 
the si goals, will admit of in order to increase the accuracy. 

Avoid low lines and lines passing over cities, furnaces, etc. 

Form triangles which shall be as nearly eqai lateral as' may be; the us- 
ual limits for an angle are from 30° to 120°, but Capt.Boutelle now recom- 
mends for C.and 6. Survey practice(fieport 1885, App. 10) an extension of 

from 10* to 15* each way in quadrilaterals or other well checked systemsi 
of primary tria ngalatiou when necessary. 

The nearer an angle to 90* the less does a change in its value affect 
its sine, while the nearer to 0* or ISO*, the greater in an increasing ra- 
tio does a change in its value affect its sine. Hence a triangle side 
will be least affected by angle errors, when the angles on which it depends 
are near 90* 

The nearest approach to this, when two sides of a triangle are required 
in terms of the third, will be GO* for each angle ,as .given above. If .how- 
ever, one side is not common to any other triangle- as when advancing by 
a single string of triangles- an error in its length will not^ transmit- 
ted into the chain,, so that a small opposite angle will not be A objection- 
able as when both sides are required with equal accuracy. 

linen a point is to be located by cuts from two or more known stations 
the lines should intersect as nearly at right angles as may be. 

In finally locating stations, make certain that 'those intended to be 

intervisible really are so .even at the expense of time and patience in 
waiting for clearing weather ; otherwise the observing party will suffer 
vexatious and expensive delays. 

Select stations so that permanent stationeries can be placed and pro- 
tected, or so that accurate references can be had to permanent objects. 

Advance by quadrilaterals. when the greatest accuracy is desired. 

Locate secondary dnd tertiary stations so as to command a sweep of the 
area to be surveyed, in order to readily locate, by intersections, points 
for the topographic and hydrographic parties. 

9. BASE LINB3. A base line site should be selected with referenoe to 
securing suitable ground for measurement and a convenient expansion, by 
well shaped triangles or quadrilaterals. to reach a side of the main tri- 
angulation. 

The line should be free from obstructions, and quite smooth for a width 
of at least 12 feet; longitudinal slopes up to 3* to 5* are admitted 
without serious inconvenience. even when making the most accurate meas' 
orements; the ends need not be intervisible from the ground, if they can 
be made intervisible by signals and observing stands of moderate eleva - 
tion. The measurements can be made along two straight segments, not dif- 
fering widely in direction. if better ground will thus be secured. Harrow 

ravines can be crossed by bridges or trestlework with complete success; 
while a wide one, or a bog or similar obstruction to direct measurement . 
can be passed by triangulation without very serious decrease of accuracy. 
Sabsidary bases which- are to be measured with a long steel tape can be 

located on rougher ground if necessary. 
The selection of the system of triangles by which the side of a main 

triangle can be computed from the base. with the greatest accuracy for the 
expenditure, requires considerable skill . Auxil iary stations will be re- 
quired in the expansion; working down from a side and locating the auxil- 
iaries and bese line to correspond in a level country, or up from a base- 
line to the main side. modified to adapt it to expansion if necessary, in 
case of rough country. 
In. case several sites are available, the cost of preparation and of 

measurement, and the cost of the connecting triangnlatien, should be esti- 
mated for each; this when compared with the relative accuracy of the tri- 
angle side vfaich each can furnish, will allow of selecting the one most 

de Ixfl? The Buffalo base of the O.S.L. 3urvey. measured near Bxffalo . 
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H.Y..in 1875.is showp in 

Fig. 3, together with the 
coaaectioa to, and a por- 
tion of, the main trian- 
galation. 

The gradaal enlargement 
from the base to a side 
of the main triangula- 
t ion, and the different 
triangles which may be 
used in finding the 
length of any side, as Grand River-West field. from the base may be noted. 

The Bdisto base of jbhe C. Survey, shorn in Fig.5,%11, on the other hand 
consists of- the side of a main primary triangle; the other sides being 
short becaase the coantry is level and heavily timbered. 

10. REOONNOISSANCS, PRIMARY TRI ANGULATION. A general reconnoissance 
should precede the selection of stations, in order to become sufficient- 
ly familiar with the topography to be able to recognize the mo3t promi- 
nent features and elevations, as seen from different points of view., and 
in order to determine the general scheme of triangulation.and the gen- 
eral routes best suited to the ground, for aid in conducting the detail- 
ed reconnoissance. 

Unless the 'surface is level and unbroken , points will be found which 
from their position or elevation.will offer such advantages that they 
probably must be used for stations. Starting from these, others must lie 
within prescribed areas, in order to fulfill the required geometric 
conditions, and make use of the longest feasible sides. 

from each of these probable station points, sights should be taken to 
the others if visible, and also to such points in the prescribed areas 
as will possibly serve for stations. 

Other available points can be occupied. and the process repeated. if nec- 
essary. Should a point be occupied which has not been cut from at least 
two other stations, sights must be taken upon at least three known points, 
when its position can be determined .by §12* 

Magnetic bearings often aid in orientation on arriving at a new station? 
and in identifying objects already located, by giving approximate direc - 
tions; while they sometimes aid in plotting when insufficient angles have 
beev take?. 

A hasty outline profile sketch of the ground in the vicinity of each ob- 
ject sighted will aid very materially in identification from surrounding 
stations, while if the estimated distance in miles, is written near the 
point, and the circle reading is written above on a vertical through it, 
see Fig. 4, very clear and concise notes- 
will result. The obstructed arcs at a 
station should be noted; as also the 
cause, and whether they can be removed 
by cutting* or by signal elevation. 
Sfcould the location be likely to prove 
difficult; vertical angles should be ta- 
ken to aid in deciding upon the inter - 
visibility of signals by giving differences of elevation* 
A plat of this preliminary triangulation should be kept up by angles, 
starting from a known or assumed side; or by computed triangle sides. if 
greater accuracy is desired. Then working from -probable station points, 
or from stations already located. the possible point in a given area is- 
picked out which will best fulfill the conditions imposed. as to length 
of line. intervisibility. etc. In the same lanner as many new ones are 
chosen from the plot as desired. 

Vithont ezperieace.it is quite difficult on reaching an elevated point, 
to orient one's self and be able to identify signals and topographic fea- 
tures at distances of 40 to 50 miles, even under the most favorable condi- 
tions. When, as is often the case, the features are not prominent, and the 
air is thick with haze and smoke for days at a time; the skill and pa - 
tience of the experienced are fully taxed. With wooded elevations the 
observations must be usually taken from the top of a tree.or 4f none can 
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be found of sufficient height, from the top of a ladder formed by splicing 
several together and supporting them by gays. 

High elevations with the- summits free from timber afford the best sta - 
tion sites. wooded summits require sight-rlines to be out through. These 
for pole signals should be about 100 feet vide and they should be extend- 
ed back of the station far enough so that the signal sill not be seen a- 
gainst near wpods* . 

As the summits broaden. or the timber becomes valuable. elevated signals 
and observing stands should be considered before clearing the lines, al- 
though they generally should not be adopted unless a considerable saving 

rill result. 

Parallel wpoded ridges may present much difficulty. if so near together 
that the triangle sides mast reach over an intermediate ridge instead 04 
spanning an intermediate valley. The direction across the ridge to as 
tnvisible station can be found from the plat. or from %14;vhen the rer 
quired signal elevation can be found .from the vertioal angle, or from 
carefully taker aneroid barometer readings; but if two or more ridges 
intervene. aotual tests, from ladder tops' « # or an examination of the entire 
line will be necessary. 

In level country. an elevation of 70 feet for signal and observing stand 
sill allor of 80-mile sides. If Hooded, these had best be used in a chain 
of nearly equilateral triangles having all- the lines out through; but if 
clear as on prairie. quadrilaterals with diagonals of 31 miles and sides 
of about 15.will add only one more station in 30 miles of progress. which 
will be more than compensated for by the inereased precision attained. 

If the' level ground be cultivated and contain patohes of valuable tim- 
ber, the difficulties will be so much increased. even if the ground be rollr 
ing.that the greatest care and skill will be requited to avoid insuper- 
able obstacles. Sometimes chains of secondary triangles along the wa* 
tar courses- have proved effective. 

Full notes and sketches should be taken of the points most important 

for the subsequent work. Among these are the means of acoess;the timber 
which can be found at the site for the signal; the roads which have to 
be opened by the angle party in occupying the station; the places nearby 
where board oaa be had; etc. 

The efficiency and economy of the survey will- depend very materially 
upon the skill, good Judgment and experience of the person who conducts 
the reconnoissance. jaw 4U 

11. SBOOHDART AHD TRRTIA&T TftlAIGffLATIOl. Starting with the long 
primary sides- as bases. points of the first order are taken. which will 
shorten the triangle sides and command the area to be surveyed. 
Prom these shorter sides. points of the second order at* taken so 
'that they will command every prominent objeot visible, from the short 
sides thus obtained, tertiary points- are looated by oats from at least 8, 
preferably 3, -nations* 

These points should include as- many prominent objeots. usually from 1 
to 3 miles apart. as say be needed by the topographer in tying up hi* work, 
or by the hydro graph er in taking angles to locate soundings. etc. ;snoh as 
church spire*, cupolas, chimneys, flags in prominent trees. large white cross- 
es* or triangles* painted upon rocky cliffs. etc 

rell-shaped triangles are not so important as the securing of a sufficient 
auaber of convenient points for the topographer, since the errors intro- 
duced do not accumulate over large areas. be tag checked by the primary sys-' 
tea. If the latter is omitted. better shaped secondary triangles should 
of coarse be employed. 

, Bx.l. Pig. 5 shows- a portion of the primary and secondary triangnlation 
near the gdisto base of the and 6. 3urvey.3outh Carolina, on a scale of 
1 : 400.000. takes from the Report for lB95.App.10. The country is flat 
and wpoded.no elevations of 80 feet being available. The use for seooa~ 
dary sides of the lines cleared for primary ones may be noted. 

la the name App. may be found a sketch of the secondary triawfcOation 
of BostoD Bay. an open country with suitable elevations. 
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13.B-PDIBT nOEUK. To deter- 

Bins the position of a point.a-hen 

onlr ingles at the point haro  

boon observed between knosn ata- 

tiODs. Lar off tie angles on trac- 
ing cloth in order around a point; 

place the oloth on tin plat and 

novo it nntil eaoh line shall pass 

through the station to which it 

belong3;»heu the vertex can ba pjok- 
od through. fwo angles sill locate 
a point, diving the 3-point profi- 
les, eicept when the point lies on 
or near a circle passing throagh the thee* stations on whieh the sights 
ara taken; 3 or sore angles are better, toning a check. 1 3-arned pro* 
tractor is often used in place of the tracing oloth; also a sheet of pa - 
per.bv ostting oat a narrow atrip along each line near the portion to 

Whan a sore soonrate eolation is- desired than can 
be bad froa a careful plat on a large scales nu 
eerical one is need. In vig.6 .let S be Me re 
qnired point at which the angles P .P'^P",— .... 
have been observsd apon the known stations, F. Si H, 
B is also knosn.lt being the angle between known 
stations. 

In Ue triangles .SHiMI.br rorula IB) 1 

a sin 1 b sin C 

sin P sin E*. *\c 

• a sin * sin V -b sin C sin P  (fe) 

In the jolr&on StfflB. P+P* +4 *B * - 390' 
 8 • A, where - 360* - < L P*p- * B) (Q) 

Sabstitnting in (*) .with the sipansion of sln(4-A)fron Porsala 
a sin a sin V. - b sin Kuin 6 cos k - OM 8 sin A ) - 
a sin P*.vb sin P sin Q oot 1 * b sin P oos -0 

cot A «oot 8 , V, aain P*. 

b sin P sin 

oot a - cot a(i + a ain P* \ 




Having A. all the angles of the triangles becose known, when 
a sin (P*A) . v>in(t*. «3 ) 



ders) Beojjired the position oJ Sheldrake. 



Wil, Observed. 

*r*.-Shel,- Sing's 
King'B-Shel. - Kid> 



Given. 
119* 15". S t rn-King'n - . 
53 31.2 | Kiog'S-Eifl. - 
Kid.-King's-lil.  
From which by (6) « 92" B.BT. 
fl> a -7150.8 ' 3.8S43S 

P"«SB* 31'. 8, tin 9.SS0B6 
„ 3.7ES13 



*o. 



GEODESY. 
b « 3050.7 3.48440 

P *113°15.2.sin 9.94490 

Q * 82 05^.3, cos 9.13877 



. ©14. Fig. 8. 



2.56807 



+ 18.486. 2.56807-'] 1.21711 

_3 



Q 
A 



82° 
22 



17.486 1.24269 

05.3,cot 9.14292 



22.1. cot 0.38561 



C = 59 43.2 » Q - A by (6) 

a  7150.2 . 3.85432 | b « 3050.7 -- -, 
P+A s 140°37.3 t 3iQ -9.80239 C=59°43.2, sia 



118°15.2.sin 



3.65671 
9.94491 



n = 5149.9 3.71190 



3.48440 
9.93630 



3.42D70 

*53°3l'.2,sin 9.93098 

* 3099. 2 . . - - 



n' * &TOJ.B ----- ,3.48984 
Computing n' by the first equa3. of (a) the same value is fouad as above. 

13. WO-POIST PROBLEM. If two unknown stations, C and D,Pig.7.see each 
other*, aad also Uo knoin stations, A and B, their positions can be deter - 
mined by measuring the angles ACB ,BCD,CDA.ADB,as follows: 

Draw the lineC r D' of convenient length on tracing cloth and at C 
and If. lay off tne measured angles; the intersection of the Uo lines 
which pass through A will determine its position on A 
the cloth, and similarly for B; join A and B'; place xl 
the cloth on the plat so that A', will coincide with 
station A and B'. will fall on the line AB of the nap, 
produced if necessary; prick through the points B'.C. 
and D'. Then through B draw //'S to &V and B'.D'j 
their intersections with AC and A I/, will determine 
C and D on the map. 

If more accuracy is desired; assume CD as unity 
and compute AO and AD in the triangle ACD.and BC 

and BD in the triangle BCD. Having two sides and the included angle in 
ACB,AB can be found (formula 2(3): the ratio of the true value to the com- 
puted one will be the ratio which the other 3 ides bear to their computed 
values. 

Bx. 1. The following angles were observed at Giles and Elm of the 0.(1. 

S'kaiyfeateles Lake Survey in 1892 upon the known sta - 
tions Haight and Olmstead. 

50° 02\ ir 

35 05 ?3 

33 01 27 

50 04 29 




ricj."v 



Haight - Giles - Sim 

01m. - Giles - Blm 

6iles - Blm - 01m. 
Giles - Blm - Haight 




Haight-Olmstead * 12944 feet. &ii«* 

For fuller treatment of the N-and t*o-point prob- vie ^ % 

less, see Zeit.- fur vermes, 1333, P. 140. 

14. DISBCTIOS OP IIWISIBLS STATIONS. It enough an- 
gles have been- taken so that the stations can be platted by methods al - 
ready given, the direction of the line joining any two can be taken di - 
rectly from the plat with a protractor. Or. starting from some known 
•ide, the sides of the preliminary triangles cao be compited from the ob- 
served angles: when by assuming a meridian, the distance in latitude and 
iHSngitide of each point from an initial one can be computed as in an 

ordinary land survey. The tangent of the azimuth of the line joining 
any two points can then be found by dividing the difference in longitude 
by that in latitude. The line can then be cleared from either end if 
obstructed by timber,or the height of signal for intervisibility can be 
determined if the obstruction is an intervening ridge. 
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For an fliBipls Id difficult country in northern ilabaea.sae U",9',C. £ S.S. 

Bepore. 1335,1pp. 10. 

tftio stations sad D oaoh see two points A Md 3. Fig. 7 $13, the di- 
rection to trio from one to the other can then be found as follows: At 
a. measure BAD and DlC.snd et 6.000 and CBA. Compute AD In the triangle 
AEC and AC tn the triangle ABC, calling AB unity; then in ACD tin aides and 
the included angle are *nown from mien toe angles at C and D can be 
found by formula SO. Or , the directions can be found by platting. 

15. 00TPI1. then accurate angles are required a light tran- 

sit situ a good telescope is neat convenient. The needle will give bear- 
ings, wails by adding a lavel to the telesoope tube and a grsdleoter ecre*- 
or good vertical circle, elevation angles can be eeasursd with sufficient 
acoursoy for determining iaterv is lbility. An ansrold barometer Is also 
convenient for determining differences of elevation. For distances over 
35 ailes, a reoooool taring glass with stand will be found desirable on ac- 
count of the larger telescope. If care is taken in setting np to plaoe 
the tripod head level. the small horizontal circle *ill dive angles quite 
accurately. , 

In a wooded country where angles have to bo measured from tree tops, a 
sextant -ill be necessary: also a telescope or field glass for identifying 
the stations, and a set of spurs or creepers .for climbing. Ab asimutn or 
pocket compass is convenient; also the best available nap of the region. 

To these should be added some 100 fact of about 3/9 inch siaoilla rope . 
a ball of Mine. an aw, and material for different colored flags to be 
spread out upon traes or other objects for temporary signals. An assist- 
ant. wtio is- quick and bandy at all kinds of work and who is aaed to oliib- 
ing.aad a oorse aod covered wagan.vill complete the outfit, latch of the 
traveling will necessarily be on foot or possibly on horsebsek.if toe 
country is hilly or wooded. 

If away from all supplies, a cook and the usual eaap outfit will be 
neoessary; while for primary triaugnls.tion.in roagh oountry with good 
railroad faeil it leaf like much of Mew Bngland.it may be more convenient 
to travel the long distances between stations- by rail, hiring a horse 

whan use can be mode of one. 

IS. SIMUS-. ifter the exact station points have been located. tbe sig- 
nals which are to be erected over thee, to give definite points for sight 
log in measuring: the angles should fulfill the following conditions: 

fhey- should be conspicuous. so as to be readily seen and distinguished 
from surrounding objects; they ahould have a well defined central line 
or point upon which to fix the cross-hairs; they should have little or do 
phaas, i.e., this line or point should not change in apparent position with 
the direction of the illumination by direct sunlight; they should be firm 
la position' unless of the olnss which require an attendant; they Should Be 
cbeap.or light and portable; wbila often It is convenient If *nen in plaoe 
they will allow an instrument to te set up over the station point, 
with these general requirements in mind, the relative advantages offered 
by tbe different signals to be described will be more readily appreciated. 

IT. POLS SIGNALS. flhen height is aot required for inter 

visibility, one of the aost common forms of signal consists of a vertioal 
pole set in or on- the ground, and supported by braces or wire gays; or 
of a pyramid or tripod surmounted by a pole. On sharp mountain peaks, 
whore only smell, stunted timber can be found, the  

nectangular Wr«al4.Big,tj, j, oomwsnleot. I signal 1 N™» 

with height of ipex of rrom 12 to 13 feet and A ^ 

legs from t to 5 iaohes at Jie top, can be erected Bk t ** 

and a center pole 3 to IE feet long inserted by £ef% 

3 men, without tackle. By inclosing the top with JSr\ 

boards, olotft or slats made from small polos, vis - /J I \.\ 

iblllty can be given;«hlle the apex and pole re- JiaLta 

main for accurate bisection. The pole can be ia- I ]JT 1 -■ A 

creased to any desired diameter by nailing on ^fj^^V -"■* 

slatS'Or poles after erection; rtile the signal can #4 '/I ..._ 

be anchored to the rook, by wiring the legs to an- V ~'~~'V"""" 

oior.bolta.flr by wire gays extending froo the top -ife" / — --^ 
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ef the pole. 

On flatter peaks, more height must be gives for visibility. rendering 
the tripod signal, fig. 11, more convenient. Br bolting all four pieces to- 
gether OS the ground,*! th a 1 to 1 1/4 inoh bolt .as shown in Pig. 10 
or better vita the head raised 6 feet on a bent or staging. 5 sen can 
raise a 25 to 85 foot signal of round timber. 
eaoh piece being 5 or 6 inches in diameter at 
the top, with no spepial outfit except about 80 
feet of rope. Pits are dug. or stones piled up 
to prevent the feet a and b from slipping; the 
head o is their lifted and pushed to position 
by the third leg when the pole is sade verti- 
cal by polling dam the large end with a rope; 
it is secured by spiking braces- to the tripod 

If* the angles at the station are to be meas- 
ured with the signal in place, the legs should 
be so placed as not to obstruct the lines- of 
sight to the other stations. They should ex- 
tend a oouple of feet into the ground; or if on- 
rock.be securely tied to anchor bolts by wire 
rope.or notched and horizontal cross- pieces at- 
tached and loaded with stone, ttre toys wm 
the top of the pole may also be desirable 

ft tin cone or barrel of larger diameter than 
the pole is often placed at the top. especial- 
ly when the tripod head will not be seen 
against the sky. 

The pole should not be more than • to 8 inohes 
at the tripod head, even for a large signal. an account of the weight in 
erection; it oan afterwards- be increased, or the pole straightened . by 
nailing on light slats-. Or, when lumber is available. a square bok of 8- 
inoh plank in place of the pole will give diameter without increased 
weight; one or more slats along the center of each side will make it more 
nearly cylindrical. 
A very convenient and portable signal for tertiary work can be made by 
supporting a pole on a tripod having a light cast iron head and about 10- 
f t. legs. 

By holding the pole in position by wire guy*, a signal 15 to 80 feet 
high can be made very stable while there is room enough underneath to 
set up an instrument. Any portion of the pole can be enlarged to any 
desired diameter by light slats. 

13. DIAHBTBR AND BBIGHT. The diameter of pole for short lines* may be 
large enough to subtend an angle as seen by the observer of 4 or 5 -se - 
oonds:but as the distance and the power of the telescope increase the 
angle should diminish, according to Ooast Survey practice, down to one 
second for about 15 miles, and not fall below; this valuje for greater <*tt - 
tanoes I see also $19) . 

Kameter to subtend one second at. 

1 mile «* 0.807 inoh. 40 miles * 12.3 inches 
10 • 8.100 •* 80 • » 18.4 » 

80 ■> 8.100 80 » « 84.6 •• 

Increased diameter beyond that necessary for visibility gives increas- 
ed rairge to the cross-hairs- in bisection, and introduces the uncertain* ele- 
ment of phage with cylindrical signals which do not show; against the sky. 

The height of signal in feet should be about one-half the distance in 
miles* plus 10. Less height may answer for long lines. or for signals on 
sharp peaks with a sky back ground. but height adds to visibility without 
diminishing accuracy. and with only the increased oost of - oonetrnotion. 
A signal to be seen against the sky should be painted blaok or wound 
with blaok cloth .one to be seen against the ground should be painted 
white or wound with white cloth; unless two colors are needed on the same 
signal for ready identification from surrounding objeote.when the pole. 
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of pole and tripod, can be painted in alternate rings of blaok and wftite. 
op red and white. each rintf being several feet wide. 

19* SIGKALS WITHOUT PHAS45.- Various signals hare been devised to 
avoid phase or the effect produced b7 the unequal illumination by di« 
rect sunlight of the portion of the" signal facing the observer. where by 
the apparent and real oenters- do not coincide* ' One devised by Bessel 
for the Prussia* triangulation; in 1831, and used on the (LS'.&ake 3nr^ 
vey.ponaists- of a board in plaoe.or in front of. the pole with its 
face J. to the line of sight. On the latter survey a width waa, gi* - 
en of about 4 seconds as* seen by the observer,yet good angles were, ob- 
tained. The station most be visited and the board changed each time the 
observing party move to a newstation. m 

Another designed in 1381. and used on the Mississippi Biver Survey for 
distances- of from 5 to 12 miles. gave exoellent results. It consists of 
a horizontal board 6 inches in diameter. to the oiroamferenoe of which are 
attached 4 stiff vertical wires.90° apart.eaoh 5 feet long. These wires, 
are held in- position by a wire ring at the top and another one-third the 
distance from the top-each .ioiat bein* well soldered. Two fppoiite wires 
are connected for the upper and lower thirds by a white cloth. and the oth- 
er two for the central third by a black cloth; 4 gay wires are attached at 
the central ring; and the board rests on a tripod or other support. 

3D. BLB7ATED SIGNAL AND 0BSB87IN6 "STANDS. *hen the signal and in- 
strument at the station- require elevating. and no existing structure can 
be made use of. a suitable one must be erected. The standard tripod and 
scaffold adopted for G and 0. Survey work, for heights of floor from 32 
to 96 feet. increasing by multiples of 16. are shown* in Pig. 12. The soaf- 
fold is removed from the tripod in elevation for clearness; their relative 
positions can be seen from the plan. 

For full details 
see Oapt. Boutelle's 
excellent paper in 
Report ,1892.App.l0. 
See also.&pp.d.page 

158. and Pri. Tri.O^S'. 
L. Survey, page 318. 
The tripod, whioh 
supports* the instru- 
ment when observing 
and the pole or other 
signal when observ- 
ed u-pon-.start3 with a 
firm cap; the posts 
are 8 by 8 inches ; they 
are scarf -spliced 
ffith a 3-foot lap. 
held by 6 5/8-inch 
bolts and 4 5-inch 
boat spike. at points 
33 ft. apart starting 
from the top with 
38-ft. sticks; batter 
1 in 8; and braced by 

joists from 2 u* 3 to 3 by 3 ins. spiked with 6-inch boat spikes. 
The observing scaffold. which is placed outside of but not in contact /ritn 
the tripod. starts with a floor 12 ft. square about 4 feet below the tripod 
head; the posts are 6 by 6 ins.; in sections of the same length and 3 pi iced 
in the same manner as for the tripod. using half-inch bolts; batter 1 in 6 
measured diagonally; braces from 3 by 3 to 4 by 4 ins, in .16 ft. tiers. The 
posts above the floor are connected by a railing;while the flight of 
stairs connects the landing on the top of one 3et of horizontal braces 
with that on the top of the next. The sjiort central posts starting on 
the ground in Fig. 12 are only used for tall scaffolds. 

The posts for both tripod and scaffold rest on wooden shoes 12 by 15. 
inches. They are all placed on the same level, about 3 feet below the 
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station point; end at the proper distance apart and froa the center bf 
pluabiu g do*n froa a teaplet placed an the firojnd. 
To erect a stricture of 3 sections : a derrick boon about 30 faet 
long and 8 inches In- disaster la aet up and beld by guy ropes.sdvsntsge 
being taken of a tree if convenient in eroding it, the lower lengths of 
the tripod' poBts are then lifted upright, one by one.and bald by g«/» 
iit.ii the lower ends in position, a workaan ascends eaoh post by aeao*. of 
cleats, fastened to it, and the tops- are sprung to relative positions and 
nsiled to a teaplet. the teaplet is then shifted until a plnab hung froa 
lt» center will fall over the station -point; »nen the bracing is spiked 
an and a floor laid on the ipper horizontal joists. The pulley block is- 
shifted to the top of a post and the Lunar end of the boon drawn np to 
the floor.it being kept upright by paying out the gnys attached to the 
top: the next lengths of posts are drawn up and the splices bolted; the 
tops, pat in place and the bracing attached as before. The derrick* is 
lowered and the lower two sections Of the scaffold erected and braced as 
above; a floor is laid over the horizontal braces of tripod sad scaf - 
fold ; the derriok is drawn up and the upper section of eaoh pat In place 
and braced. About IS days will be necessary, »itb workaen fail liar with 
the work. In exposed situations the guys shoiro in Pig. IS should be at- 
tached: 3/8 in. wire rope, eaoh situ tarn buckle. is used. 

Bound tlabsr can be used if wore convenient The aatbod of erectlon- 
on the IT. S-. take Snrrey.for heights to 140 "Mt,waa to put together one 
s'.de of the observing tower on the ground; attach radiating ropes at dif- 
ferent points, all leading to the' rope through the block; ereat a derriok 
boos and haul the side to position with taais;the side was then held 
by guys and the blook shifted to it and oae side of the laser tripod 
hauled up and held in the ease way; when the third leg of the tripod was* 
hauled up and tha braoas attaohed to the side already in position; than 
the opposite side of the tower was raised and the braoes attaohed. Bills' 
30BO 3 feat underground sere used for the tower but not for the tripod. 
Tha station nark was plnoad attar the signal was up. The work »aa let 
by the vertical foot; the contractor with 15 men and 2 teaas would fraao, 
erect and coapleta a signal in two daye. 

The tripod is often orotooted froa the ilnd wHilo observing by stretch- 
ing cotton cloth over the windsard side of the scaffold. Witt this pre- 
caition.tne tripod is vervstaady in windy -flatter and ■» good result. 
na/s been obtained, even »ith large instruments, as. froa the ground. IB 
sunny weather the tripod will twist in. azieuth. following the sun during 
the day and raturning at night.and soae observers ass the OOtWa SOr«n. 
to protaot froa the sun rather than froe the wind: but the observation* 
can be so arranged as to eliminate the effaot of twist froa the result 
I portable tripod and soarfold, haying a floor about 12 feet high.le shown 
in Pig.. 13, The tripod legs ere 6 by a inches 18 feet lang;held by an 
inch bait lfl inches, long, and by three horisontal braces. The sesffold 
posts arc 5 by 5 inches, 16 1/8 feet long; the horizontal braoes are 7 feet 
long, and the diagon- 
al ones 10 feet. The 
posts are interchange- 
able and the braces 
are held by wood screws, 
the posts all extend 
about 3 feet into the 
ground.and the floor is 
placed froa 2 to 3 feet 
below the top. Only 
a few hours are requir- 
ed for erection, after 
everything is in readi- 

In India, hollow na- 
sonry towers 50 feet 
or wore in height were 
extensively used for 
the support of the in- 
strument in orossing 
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th* olains;w*ile io the early -French surveys. cnurch spires. large tower*, 
3 tc.;*ere often used with inaccurate results due to pnase. 

21 H6LI0R0FE3. One of the most common forms ia use is called tae gas 
pipe J;iiotrope.Pig:i4. A piece of 2-inch iron pipe ser.es as a telescope 
tube.while it carries 2 rings or diapnrams. 
each with about an inch opening, and a 2 1/4, 
inch plate glass- mirror having motion about 
a horizontal and a vertical axis. The whole 
instrument is- su-pported by a wpod- screw; 
which can* be screwed into a tripod head 
or other block. It is set ap directly 
over the station mark. or on* line and a 
few feet in front of it. and the cross 
hairs- of the telescope: - * brought on the 
distant observing party; the mirror is then 
turned so that the reflected sunlight will 

pass through the first or near diaphram and 14 ,*i. « ma u. 

give a concentric ring of light around the second which is a little jail- 
er; and this- is- continued by gently tapping the mirror at intervals of Ccoa 
1/2 to* 2 minutes. 

The adjustment of the instrument should be tested by bringing the cross 
hairs- on an object within a few hundred feet, throwing the light as- above 

and noting if it falls- as far above the object as the rings are a- 
bove the cross hairs.. 

The Steinheil heliotrope differs- from that already described in having 
only one m-irror and no ring* .ma king it very simple and convenient *«■• 

reconnoissance work. 

The axis of the frame is hollow and it 
contains a small lens. L. Fig. 15 . and a 
vhite reflecting surface C. usually chalk, e> 
at the focus of the lens. ' \ 

By turning this axis towards the sun, o A' 
a hole through the silvering of the mir- 
ror allows a beam of sunlight to reach 
the lens and be concentrated upon the 
white surface. It is reflected from 
the surface back to the lens and emerge 
es in parallel rays which reach the 
back of the mirror in a direction just 
opposite to that of the incident rays. Fia.ttf. 
Enough of these rays will be reflected ^' 

from the back to give an image of the bright s$ot C.and in a direction AO 

directly opposite to the reflection of sunlight from the face of the mir- 
ror. Hence if the eye be placed at so as to see the observing party . 
through the opening A in the direction AT. and the mirror be turned un- 
til the bright spot C is seen (the axis pointing towards the sun) the sun- 
light will be reflected in the direction OAT to the observing party. 

The distance from the reflecting surface to the- lens is adjustable for 
focus* 

then the alignment has been once secured, if there is no natural land - 
mark in range. a pole should be set up at a distance of 100 to 200 feet so 
that its sharp top will be on or a little below, the line; the light can 
then be shown, and often used by the observing party on days when haze and 
smoke will prevent the heliotroper from seeing even the outline of the 
hill or mountain at the observing station. 

1 second mirror is usually supplied which can be screwed up and light 
reflected from it to- the first. if at any time the first falls in shadow or 

its angle of incidence becomes so great that the refleoted beam will not 
fill the diaphram. 

Extreme accuracy in pointing is not essential, the range being about the 
diameter of the sun. or 82 minutes. 

About a 2-inch mirror is used for lines from about 20 to 60 miles, and 
usually in connection with pole or other signals. For shorter lines* a 








pasteboard or other screen with a a sailer opening should be attached to' 
tiie second ring. Cor longer liaea larger airrors are used, Thus on the 
O.S.Lako Saner for the longest linos • ooaeon airror 9 by 18 inches iss 
set Dp aid light thrown through a olroalar hole in a wooden screen soaa 
SO ft. distant ia the direction of the observing station, this hairing a 
dinaeter of froa 6 to 10 lus.oa aides of 90 to 100 miles. On the longest 
line ever observed, lit*. Masts -La la Id northern Csl.,198 alles.a hello 12 
ins.3quare »aa used. 
*1 130 n. Topograph is Surveying, gives 

i - .040 d («) 

far the length of the side of the airror In inohee, where the distance d 
is in miles. ana d > 10. 
too MOB light gives by irradation a disaster too large for acoarata sl- 
seotlon ud increases the unsteadiness; an opening salted to the distance 
or ona which will anbtend froa one-fourth to ona-fifth of a second will 
give la qaiet sir a snail bright disk easy to bisect. 

in intelligast sad very faithful person should be picked out for the 
heliotroper: otherwise delay and vexation will result. If he Is to oo- 
cupy the station a long time he oan usually be picked up la the locality 
with eaontxr/, if for only a abort tine it Bay be sore economical to hare 
one who is familiar enough *ith the acrk and with instruments to go to 
nan stations and establish himself rlthont assistance, when directed by 
the observing part;. 

32. NIQiT S'EQNALS'. Lamps «itti 10-in. refleotors for Short lines and 
the Drnnond light for long ones wore used on the English Ordnance Sur- 
vey in the last century; while night signals have been extensively used 
in the recent prolongations of the !Touvelle anridlenne da France by a". Pet- 
tier, and irgand leaps and heliotropes sre exclusively used In India, 
fhe eleotric light, in the focus of a reflector 30 inches in diameter and 
Ed inches focal length, proved very successful recently on a line of 133 
idles aorosa' the Mediterranean iters on aoeount of fog and aist s 13-inch 
heliotrope had failed to onoe show during a three Booths' trisl. 

3oeb recent experiaents Bade with the sagnesiua. light* indicate that it 
ia sufficiently powerful for long lines; while, unlike the Draaaond or elect- 
•><- light.it is exceedingly portable! the instrument used weighing only 
"5 lbsj snd oan be operated by an ordinary heliotroper. 

The apparatus consists of an 8-loeh reflector, a stall laap.a olock work, 
and a reel of aagnesiaa tape whioh ia fed by the olook to the laap and 
tamed in the focus of the reflector. For accurate bisection a paste - 
board screen was used to rsdnce 
the disaster on all bat hsay 
nights on a line of SO nils* 
the tape was burned intermit- 
tently by tie* table to »»« 
expense; it costing ebout a 1/3 
cents- per minute for a steady 
continuous- light. 

*io of M.Perrler'a- lamps- 
were also used,9ee Fig. IS, 
Bach consists- of s box con - 
tsinlng a flat wiok petrole- 
lii lamp in the focus of an 
a inch lens of 84 inches- fo- 
cal length. The emergent 
raya nnbtend an angle of about 1*. Ths intensity of light as compared 
with the asgnasina was about as 3 to S. It aede a very pretty nark 
to point upon on clear nights. tat at a distance of 43 ailes it would often 
be scarcely visible in the telescope, aad would not allow of lllnainnting 
the orosa hairs, wnsn the magnesium, light was clearly visible. A student 
leap was also tried; and with an 8-inoh reflector it was visible la the 
telescope at 31 alias when the outline of the aonntain waa invisible st 

oqnal or greater than 
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for day signals; while the time for good observing in favorable weather 
extended from about one hour after sunset to from 10 o'clock to midnight. 
Collimators and reflectors. with kerosene lamps. were both successfully 
used- on the N.Y.State survey for distances up to about 50 miles. The 
field.hpwever.was left dark and the eross hairs illuminated from behind, 
giving light lines in the dark field. 

The whiteness and intensity of the acetyline light. and the simplicity 
of the portable lamp. should place it in the first rank for night signals. 

88. STATION 8BF0RBNCB. In referencing a station, the object should be 
to render the recovery of the locality and of the exaot station point. 
as- easy- and certain as possible. at any time and by any one unfamiliar 
with the country but familiar with the kind of work. The station point 
is usually marked by an underground and by a surface mark* ..the under- 
ground mark should be plaoed below frost, and plow. or some 3* or 4 feet 
below the surface. It may consist of any material which is durable. for- 
eign to the locality. and capable of receiving and retaining an exact cen- 
ter mark. 

Jugs and bottles. cat stone bloeks.and hollow, cones of stoneware are a- 
mong-the most common, the stone blook.holding a copper bolt. and sur * 

romnded by masonry is much used at the ends of base -lines. where s very 
accurate nark is essential on account of working up from so short » side. 

The surface mark should not be in contact with the underground mark . 
while it should project enough Above the surface to be readily found. A 
stone post, with the top dressed some 4 to 6 inches square, and the cen- 
ter marked by a cross or hole is much need: often: the lumber of the ' 
station. or the initials of the survey. are out near the top. On the 
Coast Survey. 8 other marks are used. two in the meridian and one A. to 
it at a distance of 6 feet when practicable; each has an arrow point - 

ing toward the center. 
Should the station be on firm rook,* hole is drilled some 13 to 15 

inches deep and filled with lead or smlphur; or a copper bolt is insert- 
ed with a wedge at the bottom which tightens as the bolt is driven down. 
Along ooasts and rivers where stations* are' forced out within reach of 
the aotioa of the water, and on soft yielding and shifting soil. much 
difficulty may be met in securing proper station marks without undue ex- 
pense. Screw piles protected by. masonry or riprap. etc., are among the 
" expedient's resorted to when reference cannot be had to near, permanent 
objects or to reference marks set for the' purpose. A stake driven down 
in soft, wet soil; a hole made with a bar and filled with quicklime in 
impervious soil.or with charcoal; mounds references to trees; etc; are 
among the marks often used for the less important stations. 

A topographic sketch of the station and its surroundings should be 
given; on wnich are show the features likely to aid in identification, 
and especially those objects which eaa be used for referenoe points. This 
should be accompanied by the distances to these points. taken with steel 
tape if near enou.gh.or by including tnem in a sweep of angles wnich in- 
cludes one or more distant objects and a magnetic bearing. If to these 
are added the kind of a signal; with the heights above the station mark 
of the points most convenient for sighting in measuring vertical aogles, 
as* tripod head. top of pole, etc. >the name of the land owner or person 
who has been requested to look after the station. or of those wfeo would 
know most of its position ;the name of the nearest railroad station and 
the best method of approach; the description will be reasonably complete. 

The various tertiary points sighted upon should be described, to aid 
the topographer is identifying stations with ease and certainty, and to aid 
in securing the stations for nse in future topographic and hydrographic 
work. 
A station should be named from the popular name of the hill or locality , 
or from some well known peculiarity of the ground; or from the owner of 
the land; or in such a way as to best call attention to the special lo - 
oality. Numbers are sometimes nsed in the computations and records, as 
being more concise. 
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INSTTCTHSNTS AWD obssrv.iwg 
34. D3/SL0PMS&T OP A»GLB INSTRUMSNTS. When Snellias of dolland intro- 
duced the principle of triangalation in 1615,angles were aeasared with • 
quadrants, rectangles or semi*circle3 graduated on their peripheries, and 
having alidades with sights attached. Defects in graduation were early 
detectcd.asd efforts made to remedy them by using large radii; 6 to 7 feet 
was the smallest radius for a sector while 180 feet were not uncommon 
with the Arabian astronomers. . p . 

"Cy Auzout in 1666. ««.,«+ -,, rt t inn dates from 1783 when the 

The great advance in i^ rtt ^L2 n Sfp2Mr and Greenwich »as tegun. 

is w*ioh supports the "^■jft^niSa 
on one side and a counter weight on the 
other! The circle an* weight are con- 
nected by an axis- i. to the circle and to 
the horizontal axis.and it is rigidly at- 
tached to the latter. k __ < „ ni . Al axis 
By rotation around the horizontal axis 

the circle oan be set at any inclination 

from horizontal to refttpltfll'Sitt 2? a - 
neotion with the vertical axis will ai 

?o* of bringing the circle into any plane, 
The circle carries Uo telescopes. one. 
above, the other below*-, both eccentric. each 

capable of rotation about the *» s *»it* h . 
inciependent clamps and tangent screws; the 
lines of collimation are II to the cir- 
cle and the position of the upper teles , 
cope oan be read by means of verniers. _ 
To measure an angle the following steps 
are necessary: bring the plane of the 
circle into the plane of the objects, 
clamp the upper telescope at zero: ro- 
tate the cirole until the upper teles- 

cope bisects the right object and damp the circle (the old French cir - 
clee were graduated counter clockwise); bring the lower telescope to the 
left objmct and clamp: unolamp circle and rotate until lower telescope bi- 
seots right object ana clamp; loosen upper telescope . and bring onto left 
object. The reading will now. be twice the angle. for in rotating the cir- 
cle so that the lows? telescope changes from the left to the right object 

the zero rotates through the same angle to the **#* °* Hff *££* 2j^fti 
and the upper telescope must be brought over once the angle to reaofi the 

saw** sir- iffi^-^WA JS^aigtWSir 

for the value of the angle. 

In measuring vertical angles a level on the .side of the lower teies - 
cope comes up in position.not shown in fig.17.to serve for the refer - 
ence horizon when the cirole is vertical. „„ lph .. te d n aBa den 

At the same time the Bnglish brought forward the ce i^S * inciXes 
theodolite. partially described in SJ.which in its £TS»^M,. 
is the same as the modern theodolite and does not neea separate w- 

'feioo 
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^he differ eat parts of an instrument will be taken up in detail, begin - 
ning with the telescope. , , 

25. HORUAL 7ISIOH. The eye is an optical instrument, consisting es - 
sentially of a series of transparent refracting media bounded by carved 
surfaces, forming a lens, and a delicate network of nerve fibers .sheading 
oat from the optic nerve, forming the retina. A pencil of light entering 
the eye is refracted by the lens and broughi to a focas apon the retina, 
and the impression is carried to the brain along the optic nerve. 

The normal eye at rest is sapposed to be adjusted for parallel rays , 
the carvatare of the lens and its distance from the retina will increase 

with the nearness of the object up to the limit /»f JJi^ha&^S^iiSht 
is some 8 to 10 inches; thf pipil or aperture for the admission of light 
is also adjustable. ?he distance from the center of the lens to the re 

^^%^l%^\t^^om of retina and object from lens C0.6 to 8) 
the image will £ Snly 0.6/8 - .075 times as large as the projected ob- 

*&; an*Har magnitude for r i» the projected object at the distance 
of 8 inthw,where>- the millionth part of a meter, 0.000,0394 
inches _ o.OQO.0394 * ? 

~ . 8 sin 1" 
The minimum angte between two bright points 
or lines apon a dark groand,or the reverse , 
which the eye can distingiish without running 
them together is found to be about 60". This 
would give the distance between the images, 

» 60 « .075  4.5** 
The sar face of the retina is made up of mi- 
nute papilla or serve -elements called cafe 

and cones from 2* to 6* in diameter ,with an average of 4.5*; ( 

showing no power to distinguish impressions on parts of a papil- £J£ 
las. t ' T 

A single dark line apon a bright ground can be distinguished, 
it is s aid, when the vismal angle is only l/50th as large as the 
above (image 0.09H). 

According to Pfr.Forster's investigateons as given in Jordan's 
Bandbach der fcermess.,Vol.II,p.l47,the minimum distance bet- 
ween a hair and scratch, which can be distinguished in bisecting 
ja division mark upon a bright scale, as with the cross hairs of 
a micrometer microscope,Pig.l9,is 2.5* measured upon the retina. 
With this width of line the probable error of the bisection, 
with a power of 25, was found to be 0. 25»*measured 

upon the retina. This width referred to the object and unaided vis- 
ion, would correspond to b * 2. 5/. 075 * 34?or a visual angle of 34"; while 
the probable error of bisection woald be one-tenth as great* A power of 
34 would thus give a probable error of 0. It* in bisecting a division. 

If b be increased 16 fold, or so as to cover 8 papilla or nerve elements 
a power of 85 is necessary for a probable error of 0. 1**- in bisection ; 
and if widened to cover 15, a power of 150 is necessary. 

26. THE ASTRONOMICAL TSLB800PS. This in its simplest form consists of 
Uro biconvex lenses fixed in a tube; the eyepiece and the object glass. 
Its advantages over the unaided eye in .accurately sighting an instrument 
upon a point ,are; (a) increased light; (b) magnifying power; and (-c)the 
use of cross hairs * 

The following *r« fP0B Geometric Optics: 
A lens is "a "portion of a refracting medium bounded by two surface$ of 
revolution having a common axis; this axis is called the axis of the 
lens * The surfaces of revolution are usually spherical or plane; if 
they'd© not intersect, the lens is supposed to be bounded by a cylinder 
in addition having the same axis. The 1Juc]£S§3 is *&« distance be- 
ween the bounding surfaces measured on the axis. The oj&iS&J center 
isTpoint of the axis, usually within the lens,through which if any ray 
of light pass,the direction after passing through the lens wUl be par- 
allel ^oJts.iir5CjiioaJ>efore t a sUght«pffset taktagjUoa.ior obUgue / 
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rays oo account of the refraction towards the normal on entering the 
lens. 

for spherioar nrfaoes this point is 
found by drawing any two parallel 
radii, joining tne points where each 
oats its own surface, and noting 
the intersection of this line with 
the axis* The ratio of the dis-r- 
tanoes of the centers of curvature 
from the optical center equals the 
ratio of the radii. When one sarfaoe 
ijs .plane, the optioal oenter is found 

at the other surface. 

The principal focal length 

of the lens, f, is found fron. 




n*io. 
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where r and r' are the radii, and n the index of refraction. 
The fundamental equation connecting conjugate fooii is, 

f *£ *? (8) 

wfcere f is the distance of the object and f that of the image. 

27. MAGNIFYING POfBK. In Pig. 21, let be the object {glass and &'. the 
eyepiece. The rays of light fron the arrow head, A will "be broaght to a 
focus at A' where the ray through the optical center Beets the focal 
plane, and those fron 6 at C , these rays preserving their direction be- 
yond the lens but suffering^Slight offset as indicated in §26. Join A' 
and C with the optical center of the eyepiece. All* the rays of light 
coning from A and C which pass 
through the telescope will e - 
merge in pencils parallel with, . 
or slightly diverging from, these two » 

directions A'.0'.,C.O'., if ad - 

justed for distinct vision 
a normal eye. without the 

teles cope, the angilar magni- 
tude of the object with the eye 
at would be P. 
With the telescope, the angalar 
magnitude is*. Draw FB » f.,the 
focal length of the objective; 
erect thexEJ * A'.C/2;take PI * £ ,the focal length of the eyepiece; 
erect the 4. KL » aJj join J and L with P, giving BPJ~*P/2,an,d HP* ««?2. 

extending PL to M to refer both images to the same distance, the appar- 
ent magnitudes will be as HM to BJ. 

But HM : BJ » Pft : PK » f/ifj ,or 

«  *7f. (9) 
i.e. ,tte malaif y_iug pQjjar eouals %&$ focal length of the object glass 
over that a! the eyepiece . " — ~~ — " — * 

Also, HM : HJ * tan °</2 : tanP/2. 

G * tan 6 */ 2 / tan 0/2,  °</b nearly (10) 

i.e. ,the magnifying power eouals the angular magnitude aj seen through 
the telesco pe over the angalar magnitude as seen with the naked eye. nearly . 

Since by (8),f. increases with the nearness of the object, 6 will be 
greater for a near than for a distant object; f for parallel rays is ta- 
ken as the standard. 

Por normal eyes the eye piece would be focussed for a virtual image 
at the distance of most distinct vis ion, or about 8 inches; myopic eyes, 
unless corrected by glasses, would require the eyepiece to be pushed 
in, and nypersetropic eyes, pulled out, thus changing f„ and G. 

In Pig* 22, it say be noted that the extreme rays from a point A striking* 
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the object glass, at the distanoe apart D will intersect at a' in the fo- 
cal plane and emerge in parallel lines (•< I 0,M0) at the distance a- 
part <F. 

Prom sioilar triangles, neglecting the thickness of the lenses, 
D/d' * f /f, 

fron W> g «n/d* (11) 

i.e., the magnifying powjgr eguals *he di- 
ameter q£ the clear apertnre of t&§ oJ>- 
ject glass over that oj the emergent cyl' 
inaer q^rajj from a. point . ^ 

For the magnifying glass, or simple mi- T c . _ 

croscope, ^ 

Take FB » 8 inches, the distance for 
normal v^ i e e , PK B f , ; BJ * AC/ 2 . Then 

5 «8/f a (,i£) 
If an objective is added, making a com- 
pound micros cope jit will magnify the imr 
age AC in the ratio f/f (see Fig. 21) 

6 * -f % •£ (18) 

Bx.l. Find the power of a magnifying glass having a focal length of 1". 

28. MEASOBSMBNT OF UAOUFYIffG FOUBB. (a) Set up the telescope where two 
prominent well defined objects oan be seen symmetrically with reference 
to the center of the field, on looking through the object end, and focus 
for parallel rays. Set up a transit back of the telescope, and measure 
the angle k subtended by the objects as seen through t> the telescope. 
Bemove the telescope; set the center of the transit in A position oc- 
cupied by the eye-piece and measure the angle A' between the same ob - 
jects as seen directly. 

fhen by (10) tan 1/2 A' , £, , . y M , % 

*  a — (nearly) (14) 

tan 1/2 A A 

(b) Focus the telescope for parallel rays; point it towards the sun, or a 

bright sky, and measure the diameter 6* of the emergent cylinder at the 

eye-piece as thrown upon a paper screen; measure the clear diameter D of 

the objective by pishing a pencil in from the edge until it will just 

cast a shadow on the screen, and noting the reduction from the apparent 

diameter. Square pieces of paper of different sizes, moistened and 

placed around the circumference f »ill show the clear diameter more ae - 

curately than the pencil point. 

By (11) D/d* • 1 (approx). 
(c). Sidxt to a speaking rod, a clapboarded house, or other object which 
will answer for a scale of eqaal parts, ffhile looking through the tele 
scope at a scale unit with one eye count the number of units which it 
covers as seen by the other or free eye; this number will be the power 

6* for the given distance. 

To find 6,the power for parallel rays; measure the distance r' from 
the center of the objective to the front of the cross-hair diaphragm , 
when fooussed for the above scale reading, and the distance r when fo- 
cussed on a distant object. t 4K | 

.. fro.(9> G-r.Gr/ f (IB) 

The method (a) is the most accurate ,(b) will give fair results except 
for high powers for which it is difficult to measure d'with sufficient 
accuracy; (c) is the most convenient for low powers. 

Sx.l. The angle subtended by two objects when seen looking into the» 
object end of the telescope focussed for parallel £*yf *!** £ • ? . lr . 

The angle subtended .as seen directly, was A^-IMS^ 0#\ Required 6 . 

» (14) «» ..*/!-*. ^ 
* (14) . 
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optioal aUs jrhioh oasaea «L»<* ♦! , Slass.from a glren pint in the 
oopes and often toJSS to »?-* ** leD3e3 '* "» for **• *« tele, - 

HIT KpZ&ti* as ^'suss.te.-sis&^'te.^- 

which may be eondenaoA +« ««*^« •* . ^ ™ F ' uianeier or the cone 

taiaws ss^atfs Asrss-s ?- ;»& ?<^r- 

I f  D2/d f 2 
AWT,W Die! *" the ""■^^.-'■tiwti.g the ,al«e 

SViJiF is cbnoerBed 10 d <% ^^MS.5 TC A. of 

I   D /d , when d,5D/6 \ , „. 

rv.< * * ..u m,nG ' wn en d,<D/6 J 

- The brigfitness.op light per aait £?ea as co.pared with the naked eye. 



of 
pur- 



,when d, « D/G 
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Brightness 
Aperture 
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&S B th?^S2i2~ se ?S iQ the < ^eiesoope remains constant f hatever the loss . 
In fiSvfnS 8 ?? ! h S l0 S s J s a ?J 7ery noticeable until quite laFge 
in loo King at a fixed star, the more perfect the telescope, the more 

nearly will the image appear as a bright point, regardless of- the power; 

the brightness will therefore increase directly with the intensity. there 
being no magnification. The brightness of the field will hoverer re- 
dace as (3* ,as the area of the field fron which the light eones is re - 
duced in that ratio. This is why fi*ed stars can be seen in the day - 
tine with teles 00 pes of snail apertures and large powers when they ate 
invisible to the naked eye, the darkened fieH Slowing themtoshow 
through as at night; also why faint stars can be seen at night which 
would be invisible with the sane telescope and a. lower power. 
On the other hand. faint nebulae, tails of cone ts, etc., which have nearlm 
the same degree of brightness as the sky, become invisible under high 

powers, because although the ratio remains constant. the difference in 
brightness soon becomes too snail to be distinguished by the eye • 
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30. FIELD OF VIE*. It is customary to limit the feoal •plane, by 
circular diaphram to about 0.5 f, on account of the difficulty or 

curing, good images with an eyepiece of .larger field. 
Fron Fig.24,since the image of each object is on the line joining 
the object with the optical center, 

vtanl- • -2^JU2£ by <»> 

r e 

Bat tan 1 ° * 0.017, 

* e -^-Capprox.) (IB) 

<3 
e.g., Hag. power Q  30 20 80 40 00 

Field of view, « 3* 1°" 30' 1* 00' 0° 45' 0° 30' 

As the field becomes small, the eyepiece is often made movable in order 
to include a greater range in one direction, either altitude or azimuth, 
by moving it with a tangent screw .the simultaneous field being as above. 
Draw the diagonal lines AC and BF,and join F 

their intersections with the focal plane J ^^---lZ~'~*(\ 

a and- b with the optical center 0. ir^jn*>+ 

All the rays coming through the object glass I vZS^- 

fron any point on aO will pass through the \Lc er 

focus a, and all reach the eyepiece. those \*\ 

from C passing just to the limit at A. Sim- I 

ilarly for bO. 

.-. the angle aOb. or*X« the brigki foeld. or 

field for total light. 

From this field out the intensity and brightness both diminish ,and 
they wpuld reach zero at cOd were the field not restrieted tot by the 

diaphragm. Since vis about equal (not much larger than % ) objects 

should retain their brightness nearly or quite to the edge of the field. 
In order to take in the whole extent of this field the eye must be Jjlae- 
ed at the point in which the axes of the extreme pencils, diverging from 
the center of the object glass, meet,; the axis of the telescope after e - 
mergence. The position of the eye is therefore at the focus of the 
eyepiece which is conjugate to the center of the objeot glass. The 
telescooe tube is prolonged to this point and furnished with an eye stop* 

31. SPHERICAL AND CHROHATIC ABERRATION. The simple telescope de- 
scribed above would be satisfactory only for very low. powers. For .with 
spherical surfaces, the only_ones whicli can be conveniently ground, the 

rays from near the border of the lens are brought to a focus nearer than 
those passing through the central portion; the distance along the axis 
between these foci is called the s pherical aberrat ion. It is reduoed 
for a given aperture by increasing the focal length of the lens, as a 

less portion of the sphere is used. Again, the different colors have 
Afferent indices of refraction as seen from the spectrum, the violetooming 

to a focus nearest the lens and the red the farthest; the distance along 
the axis between these foci is called the chromatic aberration. 

To obviate these difficulties, the object glass is usually .composed of 
two simple lenses, see Fig. 25, an outer double convex one of crown glass 
having a low dispersive or spectrum forming power, f**u lMer-doaUe 
concave one of flint glass having a. high dispersive poww but^witb 
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flatter carvatare. *he ^Aapersive 

powers can thus be made eenai *««*%*«* 

for 'any two colors of the spec- %^.^w^ 

trum by a proper relation between ■,***.* 4 I \ 4 

tS focal Kng£hs,rendering the »■»»«-.- yhf-lH } 

nation nearly Mhrja»UO,«rhile the ^n*> J-^£[JLi.I . . «• ~ J 

fisr. , sasa °s^^?«e «* s^* * 

ZSKJZRfita -o^f? cal 
Zo tioo to giving proper radii 01 

-warn y^fi^S&'gSl^te :£« ^ 

pie. The finishing of a fine object *^ s 'J^T of %&, flaw in the 

ItM Select W^^ 

M X&&& ^gl^ S S«m^Ir f feieatea tests the 

desired degree of Jw^g^'LiS to^Sh otter it is evident that their 
e lith t*o 1 "EV*"£*3l d £nS be Started without io*ry. 
IS mSSS^Ito £r£ioHar the .yepi.ee is -sually »de byas- 

cal length, as foand from Optics. 

,£'+*- a 1W 

where CC.are the focal lengths of the separate lenses, and a is the 
distance between then. 

The Ha v gen i an ,or negative eyepiece, is one of the best wnen cross - 
hairs are not required. It consists of two piano convex lenses, Pig. 23 , 
with the plane sides towards the eye, the. foc^L length of the farther or 
field glass being 8 times that of the nearer A eye-glass. They are placed 
about half the sub of the fooal lengths apart. The field glass receives 
the converging rays from the object glass before they have reached the 
foots, as d brings then to a focus be- 
tween the leases.. Cross-hairs are H%k>l ^ %, **wfcc* 
often placed at the focus to define —   . 

certain portions of the field,as in 8. 6 Ti- 
the sextant telescope, bat not tor ac-  J A % * 

curate measurements, since the ctoss- «:«»«*• *• ^ 

hairs will be distorted, seen through - u i,Jj{ *^VC 

the eyeglass only, while the object ^ 

wijl not be, seen through the correct- 
ed combination. 

Airy replaces the piano convex field glass by a concavorconvex, increas- 
ing the flatness of the field. 

The Rase den, Fig. 25, is the forn most commonly used when accurate seas - 

arements with cross; hairs or micrometer are required. 
It is a positive eyepiece .i.e., it receives the diverging rays fron 



the object glass after they have passed the focus. The two piano- con- 

sy have 
apart. 



vex lenses have their convex sides turned towards each other; they have 

lea "' 



the sane focal length. and are placed two=thirds the fooal length api 
giving by (19) an equivalent foous of 3/4 that of one of the lenses 
The Kellner and the 3teinheil are modifications of the Ramsden which are 
coming into favor on account of the greater flatness of the field or 
freedom from spherical aberration. 

In the former, the eyeglass is an aero mat ic combination and in the lat- 
ter both are aero matic; see Pig. 27. The former has the larger field. 
*Bone of these eyepieces invert the image, and as the object glass inverts, 
the objects all appear inverted. 
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The terrestial eveniece consists of four lenses, the object being to in- 
vert the image so that objects seen through the telescope appear erect 
Quite an appreciable loss of light results fron the tiro extra leases (at 
least 14% as estimated by Nolan) and a serious shortening of the focal 
length of the objeot glass for a given length of telescope which increases 
the dif f iculty .gt securing a flat field. Two combinations are shown. the 
Airy; and the Praunhofer. 

. SSf?* 81 * ^J?*? 2 ?' 7ov convenience in looking at very high objects, 

of tff^S&Si 1 !*^ •F e 28i ttB "ft 1 * ^ P} aoed between the two lenses 
or the eyepiece, at air* of 45*, so that t&e light emerges ± to the telescope; 

^•-.v ™ o erects the objeot (reverses the image) in altitude bat not in 
azimuth, fror objects sear the zenith, a . longer x tube is desireOA.%, and 
this is secured by placing the mirror between the central lenses of the 

terrestial eyejpiece;wfcioh then inverts the objeot in altitude and leaves 
it erect is azimuth. 

instead of the specula a mirror, a glass isooeles right angled triangular 
pets a can be used with less loss of li&t. 

88. CROSS HAIRS. Since with the. telescope, the image of any point is 
at the intersection of the fpcal plane with a line through the point and 
optical center of the object glass, this optical center may be taken as a 
fixed point foe,, all lines of sight. The, intersection of a horizontal and 
vertical hair placed in the focal plane (It should be in the optical axis; 
will give a second fixed point. The line joining them,called the Uttfl ©J 
colllmfoion . is taken Tor the direction of the telesoope;its greater pre - 
cision is dae to the magnifying power and increased light of the instru- 
ment. |n pointing, the eyepiece is first focussed upon the cross hairs 
and then the object glass upon.the object: the focal plane of the ob - 
ject glass is thus brought to coincide with that of the cross hairs, so 
that the latter will remain fixed upon the object as the eye is moved 
from side to side behind the eyepiece. 

The first is for the eye of the observer, and this focus does not need^ 
to be disturbed when once properly made; the second is for the distance^ 
objeot, which requires change with each new distance. Spider lines are 
usually used for cross hairs. Some prefer to have them spun directly 
by a spider as needed, others to take them from cocoons, they should be 
opaoue, cylindrical, free from dust, and so small as compatible with dis- 
tinct visibility. Platinum wires are used by some instrument makers as 
being more opaque and less liable to stretch with age. 
. The requisite ^fineness is obtained by coating with silver, drawing 
down the wire aacTafterwards removing the surer by nitrio acid. 

A glass diaphragm with etched lines is sometimes used in place of 
cross hairs, wits perhaps some advantage as to permanence of position but 
with the disadvantage of loss of light, and the magnification of all dust 
on the glass unless thick and the oross hair side inclosed in a sealed *«v 
The cetiojlfl of wires consists of one horizontal and ^oue vertical Joj 
the or&nary surveying instruments, f ometimes s^3fe w^es are aaaea 
For geodetic work the vertical wire should be ?*J^^.£k^«£l 
•r accuracy in bisectingwle signals. ««»}ffiSt £ s^S* 
horizontal and vertical hairs are used,eit*er •JJS ftt liowr disr 
in *oups symmetrically with reference to the center. The linear a 
taace between the wires can be computed from the focal length of the ob- 
ject glass as measured on the outside of the tube to the cross hair dia- 
phragm, and laid off with a micrometer. Or better and more accurately, by 
using a micrometer microsoopeks an eye-piece and measuring the distanoe 
subtended by the divisions of a rod at a measured distance; from this dis- 
tance the required distance between wires is yvAvXh. eompated and laid 
off bi tlie micrometer Jkllowanoe mnst.of coarse Tie made lor the eaa*ge> 
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in focal length fbc. parallel rays. The angular distance can be deter - 

"i9 ed aift88 a#£S& i 22!8»8& 1 observation, or directly fron circle readings . 
34. TB9K 08 TELBSOOPB. To test for spherical* aberration . reftice the 

effective area of the object glass about one-half fey a ring of black 
paper and focus upon a veil defined point. Then remove the ring of pa - 

per and cover the other half of the object glass, the distance the lat- 
ter mast be moved in or oat, for distinct vision, which should be small if 
any, is an index of the spherical aberration. 

To test for definition^ fomig upon small clear print at a. distance of 20 
to IX feet, depending upon the magnifying power, and note if the print is 
as sharp and well defined as when viewed with the naked eye at a distance 
of 8 to 10 inches. Poor definition may be due to spherical aberration, or 
to inaccurate curvature, or to variable density or non centering of the 
lenses. 

To test for centering, or for the coincidence of the optical axes of 
the different lenses, fix a white paper disk about one-eighth inch in di - 
ameter with sharp outline, in the center of a black surface, and look at 
it when placed in a good light at a distance of 30 to 40 feet. If the 
image of the disk, when a little out of focus is surrounded on all sides 
by a uniform haze, the .centering is good.: 
Astronomical objects are sometimes preferred for testing as follows: 
the rorrectton^fcu? spherical aberration is well made when the image of 
a star,unde*r ravorable conditions appears as a small well defined point 
or round disk. Having this in the best focus, the slightest motion of 
the object glass out or in should enlarge the image, it remaining cir - 
cular if the lens is symmetrical throughout* while in the most perfect 
telescopes the image will enlarge to several concentric rings loircu- 
lar) of light before disappearing. An imperfect unsymmetrical lens, 
will give distorted rings, or only a confused mass of irregularly col - 
ored light. If the glass is not homogeneous,, bright stars will show 
•♦wings" which it is impossible to remove by perfection of figure or ad- 
justment. The defective portion can be found by covering up differ- 
ent portions of the object glass and testing. 

The correction for chromatic aberration is well made, when after focus- 
sing on a bright object as the moon or Jupiter, pushing in the eyepiece 
slowly will give a ring of purple and pulling it out, one of pale green, 
thus showing that the extreme colors of the spectrum, red and violet 
have been "corrected. 

The flatness q_I t&£ field depends mainly upon the correction for the 
spherical aberration of the eyepiece . It can be tested by drawing a 
square some 6 to 8 inches on a side, with heavy black lines upon white 
paper, and looking at it when flat and at such a distance as to nearly 
fill the field of view. If the lines appear perfectly straight the 
field is flat. A telescope may distort the image appreciably with- 
out introducing any error in ordinary work, but it is objectionable for 
stadia work and inadmissable when measurements are to be taken in the 
field with a micrometer eyepiece. 

The object glass should be mounted so that its optical axis coincides 
with the axis of the telescope tube. The object glass slide shoal d be 
parallel to this same line, and the vertical plane of collimation should 
contain it when adjusted perpendicular th the telescope axis. 

The rear end of the object glass slide is sometimes supported by an 
adjustable collar for ease in meeting the above requirements, but with 
first class workmanship it is usually considered unnecessary, while it 
adds an element of instability . The accuracy of workmanship can be 
appreciated by remembering that 10 seconds of arc will subtend only 
.000049 of an inch for*focal length of 10 inches. 

The object glass slide is tested by placing the vertical wire in ad - 
justment for distant objects, (slide drawn in) and then testing the adjust- 
ment for near ones (object glass slide pushed out). This is of more im- 
portance for ordinary instruments than for geodetic and astronomical 
ones where the precaution is taken to not disturb the slide or focus of 
the object glass between sights which are combined on the supposition of 
a fixed line of collimation. This is possible for sights over 1 1/2 
miles long^no matter what the inequality .while it is not. for short sights 
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anless they are nearly equal. 5  ~*~+~ic+mA "*■ closely as the 

The horizontal line of oollimation is not ^strict ed as ^loseiy as ™ 

vertical.so that if it is ad jisted parallel to "• rt£°£ *££ J™^ 

the delation from the optical axis of the object glass or 
oi the telescope .nill have no appreciable effect. 

38. LBVfiL T0B6S. These for accurate work areiaccurately ground with 
emery on a revolving arbor which has been turned so as to give the desired 
curvature. The tube is slowly rotated about its axis so as to distribute 
the grinding uniformly around the circumference. The surface is then pol- 
ished .the tube filled and tested on a level tester for uniform «™t«" 
by noting if equal angular changes will give a uniform motion of the bub- 
ble. *or delicate leSls.the defects found after this rough fading 
must be corrected . requiring repeated trials and much sk "J «« «*J lM0B ' 

The upper inner surface .when completed. must be highly P^hed to 
render tie friction of the bubble as small and unifor. as possible. 

The tube should be of uniform bore and thickness and of hard glass . 

The liquid used for filling is usually alcohol for the more common 
levels. alcohol with a little ether added for fluidity for more sensitive 
ones, and sulphuric ether .with possibly a little chloroform for the most 
sensitive ones. 

■or delicate levels a chamber is added at one end so that the bubble can 
always be used at about its normal length for greater convenience and 
accuracy; a change of length with the temperature changing the zero if 
the curvature or size at one end differs from that at the other while 
a short bubble is more sluggish and its position of rest more effected 
by friction and by local defects of the tube than a long one. The best 
results will be obtained with the length used by the maker in testing 
the tube. The tube should not be directly held in rigid metallic sup- 
ports on account of the danger of distortion from pressure due to chang- 
es of temperature. The support should be at two pints «^ "J 
with rings of oork or other yielding material which will give sufficient 

changes of temperature. 

The value of a division should be determined for different portions of the 
the tube to test uniformity .and at different temperatures to determine 
the temperature coefficient if any. 

An appreciable coefficient will usually denote a cramping of the tube 
by the supports. 

3d. QftADOATBD CIBCLBS. The process of graduating a circle is essential- 
ly one of copying the divisions of another circle. The circle to be cop- 
ied is usually some 8 feet or.mpre in diameter. in which the graduated er- 
rors have been carefully determined. This is mounted and well centered 
on a heavy axis firmly supported in the graduating f^ine. The new cir^ 
cle is placed upon the old.and centered. One method of f nte J ia * *?*„ 
aUowing the vertical arm of a sensitive level to *•£ /£"*? ^"J?' 
surfaced the hollow axis as *^ *5^SS\o fhe fl£ 'framed 
?£XS $X£K aftne c M^^iS ~. the vertical arm 
radially and thus change the level. 

The line* are made by a tool having an automatic out in a radial direc- 
tion, the circle being turned division by division as read by a microscope 
fixed above the large circle or fed automatically by a worm gear acting 
onthVtircttmfArence of the eircle. In the latter case the gear is ad - 
Jisted by oareful test until equal motions of the worm wheel will rotate 
the circle through eoual angles. This done. the work proceeds automatical- 
ly with tat littfe baaS labor! Busing this'work the temperature must 
be kept very eonstant in order to avoid distortion from unequal expan- 
sion^ 

Tith a tfea?inon circle. an error of 0.0001 of am Inch in a division or 
in centering will give an error of 0.0001  5 sin 1" s 4.1 seconds;shaw- 
Jjg the extreme accuracy necessary in centering and in graduating a circle 
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which is to be read to tenths of seconds. 

Pive-minute spaces are usually the finest cut .upon large circles, and 
13, SO or 30-minute spaces are the smallest upon smaller circles. *Q^£- 
mediate readings are taken with verniers or micrometer microscopes. The 
vernier is too veil known to need a description here, 
for an illustrated description of the new dividing engine used by Pauth 
4 Qo. of Washington, see Zeit .fur.Inst. lB94,p.84. See also D.S.C. 4 G. 
R.&i»,App.l2. 

8t. MICROMETER MIOROSO0FB3 . These are usually used in place of ver- 
niers when readings finer than about 5" are required. Cross hairs are at- 
tached to a frame which is moved through a box perpendicular to the mi- 
croscope tube by an accurate micrometer screw working against spiral 
springs, as shown in Pig. 2 9. 
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If the mi'croscope has a flat field and the sore* a uniform pitch, the ap- 
parent motion of the crosshairs across the limb, will be proportional to 
the turns of the screw, giving an accurate means of subdividing the spaces 
on the limb. A common division of the limb is into 5 minute spaces, the ob- 
jective being placed at such a distance that 5 turns of the screw will 
move the wires over one space; each turn will then give a minute, marked 
by a tooth on the comb in the edge of the field, as shown, wjiile seconds 
can be read from the head of the screw by dividing it into 60 equal 
parts. 

Two parallel hairs are usually used, placed far enough apart so that 
when brought over a division a bright line will show on each side between 
the hair and scratch; the equality in width of these light lines being 
judged more accurately than the bisection of a scratch by a single hair 
To take a reading, the micrometer screw is turned with the increasing 
numbers on the head, moving the hairs from zero of the comb back to the 
first division of the limb to the right (apparent left), the number of teeta 
passed and the reading of the head giving the minutes and seconds from 
the division to the zero. Usually the motion of the screw is reversed, 
turning against the graduation on the head, until the hairs bisect the 
division to the left of the zero. Only the reading on the head is noted 
and this, should differ but slightly from the first if the microscope is 
adjusted so that 5 complete turns cover an average space. 

It is often thought desirable to make the bisection with the positive 
motion upon the screw, rather than with the return motion from the spring, 
to avoid the lost motion. The observer however can .tork more accurate- 
ly if free to move the hairs either way to perfect a bisection, than if 
he can only move them in one direction, turning back and moving up a 

second time if he passes the scratch. 

The lost motion will be extremely small if the micrometer is in good 
condition. A test of the nearness with which a bisection can be dupli- 
cated by eacn metaod will decide which should he used in a given case. 
The probable error of a single bisection should be about T .Z. 

S3. THE RON OP THE MICROMETER: The micrometer is adjusted ,as stat- 
ed in 537, so that the nominal number of turns, usually 5, will move 
the hairs over a 5-minute space. This can only be approximately realized 
owing to the imperfections of the micrometer and graduated circle ,the 
inaccuracies of bisection and reading, and the disturbance due to changes 
ia temperature^ 
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flies correction for ran is made^jseveral different *ays by different ob- 
servers. while many equally good observers regard it as a refinement which 
it is a waste of time to attempt to make. 

The aethod given by B.D.0utts,Asst. U.8.C.& 6. Survey, in App,9 Report 
for lS82,appears to be one of the most reasonable. A mean of the first 
and second readings is taken which averages the errors of bisection and 
graduation for the two scratches. The differences between the means of 
the first readings and those of the second for each seeding taken in ob-» 
serving angles at-tne station are entered in a column and added and *>*e 
*««a* taken for the average ran of the micrometer. The error in pitch 
of the screw, due to the lack of adjustment, is distributed proportionally 
to the length. 

bet a be the first reading, b,the second reading; r, the average run of 
the micrometer, positive when the first readings average greater than the 
seoondL 
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This correction has the same sign as r( s £(a - t>) »» n) for m < Z 30*, 
and the opposite sign for w> > Z 30*. 

In the record book, the mean of the first micrometer readings is taken, 
also that of the second, for each reading of the circle, the difference is 
pat in the r column and the mean in the m column; after the average r has 
been found, the correction for each m is taken from the Table IK computed 
from ta0))and applied to  with its proper sign, giving the corrected read- 
ings • For an example, see The Form of Record Book 548. See also the Run 
of the iicrometer by George Davidson, in Q.S.C.4 6. S. Re port for 1334,App.8. 

89. ERRORS OF OR ADO ATE D CIRCLES These may be doe to an eccentricity 
of the upper notion or inner axis with reference to the center of the 
graduation, or they may be due to errors in the division lines themselves 
The error due to the plane of the circle not being horizontal when the 
axis of the upper motion is vertical as indicated by the levels remain - 
ing in the center during rotation, is so small in an instrument in which 
the limb will remain flush with the vernier, or the micrometer microscopes 
in focus during rotation, that it can be neglected. 

The error due to eccentricity is of more importance with instruments for 
Ordinary Surveying work than with those for geodetic or astronomical work, 
for with the latter all the microscopes or verniers are used in making a 
readln&and it can be readily shown that the mean of any number of equi - 
distant verniers is free from eccentricity. 

Lete be the center of the graduated circle, * .the center of the axis 
for the upper motion; BET the line joining the centers; / the angle AGE. 
made up of the index reading z and the 
micrometer, readings A,B,0;and e 

1 3r- measles) , -M- 
the eccentricity GG\. 

for 2 micrometers 180* apart. 

From the 1st. ft  2  A - e sin/ 
• • 2nd. ??. • a + B - e sintlSO +zv) r 

 z + B + e sin / G 

tean value, € » «  1/2U*B), which is 

fees from eccentricity. 
For S micrometers 133* apart 

From the 1st.. z* B z * I - e ew z vv 
2nd. sf  2 4 B - e sin(120  YJ 
3rd \t - z  B * e sin (340 W) 
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.-. Mean value, z*  e * 1/3U * 

fron eccentricity. 

3i«ilarly it can be shewn that tbe Beau of anr naaber of equidistant 
sicroBeters fill be free fra» eccentricity. 

3d*e instrument Bakers pat in radial abutting 
capstan' head screta bet.eeo the circle and hollo* , 
iris >hica supports the upper 

jeeentricity can be adjisted oat before the plate 
Is acreaed fast to tbe flange of the axis. 

The graduation errors' proper are divided it 
accidental and periodic- The foraer folio* t 
1**- of errors of observation given .in Least Senates, 
hence their effect is diminished as the square c 
of the nuebcr of lines used. 

The latter occur at regular intervals according to some las, and say there- 
fore be expressed as functions of the reading itself, the son of all the 
eorrectiOBS tor periodic error, in clad in g those for scceotri city, ens t- have 
the general torn 

■v H) • n'. sin(-s«3'J*a*sin(a!r«r)«n" sio(3*» fl") + etc. Wi 
■here -Ks) denotes the correction to the angle s and a',0* ,n' ,0* .etc. . 
are constants. The shorter the period of ens error, the higher is the 
ajltiple of z In the tern representing it. 

Chsoveuet, sstroaosy,«bl.II,p.5S,sho«3 Stat terns are elisinated by 
taking the nean of a nu.ber of equidistant aicroseopss sod hoi to deter- 
Bine the constants for a giv- 
en circle by taking eouidis - 
tant reading* around the cir- 
cumference. B.3.Ioodasrd, 
Be port. Chief of Sogss. 3.3.1.. 
1879, Part III.ipp.M. ■.. p.lfl'4, 
takes np the terns not elim- 
inated by Beans of a nasber of 
equidistant sicroscopes and 
finds their effects upon s 
measured .angle. Be ahoss that 
If the distance betieen ver- 
niers be divided "by tbe nas- 
ber of repetitions of the an- 
gle, and the circle vtaoved 
formard by this onotient each 
tise so that the initial read- 
ings be evenly distributed 
over the space betaeen tso ni- 
cros co pes, nearly all the terns 
■ill be eliminated froB the 
nean. also that the remain- 
ing terns tend to add up to 
sero or eliaioate as the num- 
ber of observations increases 
so that the effect say be 
neglected with a large nus- 
ber of observations. 

In applying tbe formlas to 
some of the Lake Surveys insts- 
Pri.Tri. 'J.3.L. Survey, 1S88. 
he finds periodic errors rang- 
ing froE 1".' to T . 

In Saecmller's Frice List 

cospirisons of T 10* spaces 
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10' ffjapt around the circle for 8 , 9-inch oiroles aede fo 
Surrey, (be greatest disorspancy is i',68. Be claiia that n- 
fiine autonatically toe errors ulll bo fron 2" to 3", while if c 
»ettings are Hade for the Bain divisions so ling rill be sat mare tna 

40 REPEATING AND DIBECTI3B IHSTRUmEbTS. The conpooeot pacts base 
been quite roily described U the proceeding paragraphs, and the Frene 
(eating circle ini24. la 8-inch repeating instru,«ei _ 
eyepiece) reading to 10" by verniers, as nade by C.L.Berger, is shown in Fig. 33 

The circle is frou B to IS inches for prLnaryA'n and fro» 5 to 9 inch- 
es Cor secondary and tertiary. The power of the telescope varies Iron a tout 
80 to 3D with a dianeter of qbjeet glass fron about 8 1/4 to 1 1/4 inches. 
Two verniers or licrosoojiea are cobbod and the upper and lower lotions are 
the sane as with the ordinary transit. 

To repeat an angle, the upper notion is set at the desired initial read - 
ing and the telescope pointed an the left hand object by the lower notion; 
it is then pointed on the right-band object by the opper notion ,back to 
the left-hand by the lower and to the right-hand by the npper.etc, until 
the desired nonbar of repetitions has beeir reached. 

1 [1.3. C. Survey direction instilment is shown in Fig. 34. . The only es- 
sential difference between tms and the repeating instrument is is the 
renoval of the tangent screw for .the lower notion which prevents the use 
of the ordinary nethod af repeating angles;the object being to add to the 
stability of the circle. 
Sone tines the lower no- 
tion is wholly renewed 
so that the circle nan 
only be rotated by no- 
tion, below ths lerel- 

rangensnt is lose con- 
venient. Rather larg- 
er circles are used 
than for repeating in-. 



class of »ork,I5 to 18- 
inch circles being can- 
non, with about 8 inches 

eter ntcrenoapes are used 
in place ef verniers, 3 
for the larger and' 2 for 
the sBaller circles. 

The telescope can be 
aade to transit, as shown 
in ?lg.SS in nhich case 
a vertical cirole is ad- 
ded large enough to meas- 
ure vertical angles. 
Many obwerr era, however, 
prefer short standards 
for greater stability 
which requires that the 
telescope be taken ant 
of the T'a far reversal , 
and often that vertical ai 
gles be neanarad with 
another instrument. 

•t. MUDSTMfS. Plate 
levels per(«adioalar " 
vertidal axis. 
These are adjusted as 
sal. 
Lias oj oollinatUn 
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pendicular to telescope axis when focus sed for parallel rays. Sight to B 
■ell defined distant point and clamp the horizontal motions. Reverse the 
telescope by carefully lifting it from the Y/.s and changing the ends of 
the axis. Adjust until the point is covered by the cross hair, in both 
positions of the teles cdpe. 

goriaatttalttv g£ teles oo ma ajis* ?Bis can te adjusted by means of the 
striding level more accurately than by the method used for smaller in- 
struments. 

' Iadea error oj vertical circle . Take a reading with telescope direct 
and another with telescope reversed upon a well defined point rith bab- 
ble of reference level in the center, or the readings corrected for the 
out of level. Balf the sum of the readings will give the true rertical 
angle, and half the difference the index error. 

Accuracy of adjustment is of less importance than with the smaller in-" 
struments used in ordinary surveying, because the observations are ar - 
ranged to eliminate errors of adjustment, Thus if the line of colli** - 
tionis not A to the axis.11; will describe a cone as the telescope ro- 
tates-; so that in plunging up or down through a distant signal the line 
will not follow the vertical through the signal but will cut the plane 
through the vertical perpendicular to the great circle through the points 
in an hyperbola having its vertex -at the height of the instrument and 

its axis horizontal* *••♦—-. 

The horiaratal angle measured is then from a point at a distance x, 
see Pig. **.to the left of the section. Upon rever- 
sal the measurement will be taken from a point f to \ j 
the right. But if the collimation error has remain- ji«*)*J»K**a»»« 

ed constant and tne axis ^.^ortMt^rX »jll jy*J 
x and the error of collimation will be eliminated by 

^f^teHslope axis is not horiaontal jrhen the 

plate levels are in the center, the line trough the , 

distant .signal will not be vertical bit inclined re- J^ F^.*>. 

S^rTl-«2 Z^l^r ^^ *U eliminate the 
error as before. ^ 

42. DBfB8KVAfIC» OF IISTOTIBMAL CONSTANTS. Value pi 1* of levej. 
Set up the instrument on a firm support where it will ^ protected from 
sadden caasges of temperature, and place the level on tB «3SW°* J*™ 
the So Sbefparallel. If the tube is chambered, take a ttTO. of about 
*«^1 lattS* tove it by means of the vertical tangent screw from one 
STof £e*£* tJTthe olLr back and forth.setting at regular intervals 
in seconds and reading both ends of the bubble. ata nee 

If the circle cannot be read cl***ly enough rod readings at a distance 
of 108.1 feet will give 2" per .001 foot on the rod. 

Vtelne qt l a qt microjfitfir eyepiece . If the screw is noriaontal( which 
can be tested by noting if motion of the screw changes the altitude of 
the horizontal hair) put the micrometer at a given reading and sight to a 
well defined point by the upper motion and read the circle; turn the mi - 
cro meter, say 5 turns, and bring the hairs upon the same point by the up - 
per|mot ion, then read the circle; continue the process until the desired ac- 
curacy has been secured. 

The difference in the circle readings divided by the number of turns will 
give the value of one turn for the different parts of the screw. 

If the screw is vertical, the same method may be employed with the verti- 
cal circle if it is suitable. 

A more accurate method involving more labor is by means of following 
a circumpolar star near upper culmination for the horizontal screw or 
near elongation for the vertical screw with the circle clamped,depend- 
ing upon the observed time intervals for the angles as described in 
Chauvenet's or Doolittle's Astronomy in connection with the zenith teles- 

Wire intervals. These may be determined by the methods given for 1 
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of the micrometer. 

The circle can be investigated by the methods referred to 5 39, while 
the methods for the telescope have already been given. 

43. THS M3TH0D OP DIRECTION OBSERVATIONS IN HORJ20NTAL ANGLES. This 
is the most coMon method in this coantry with a direction instrument. 

A reference line is taken, which may be the signal most easily seen under 
varying, atmospheric conditions, or a mark set for the purpose at a suf- 
ficient distance to avoid changing focus (not less than 1 1/2 miles). 
The signals are sighted in order around the horizon in the direction 
of the graduation, beginning with the reference line, and the micrometers 
read for each; the telescope is then reversed,not changing the ends of 
th« axis in the y's if it ha_s to be taken out for reversal, and the sig- 
nals are sighted in the reverse order around the horizon, ending with 
the mark. This forma a set, and as many are taken as required. 

Hhe first signal each time should be approached with the telescope 
from the same direction as for the others in the half set so that the 

tendency of the circle to be dragged around by the friction of the upper 
motion will be taken up before the first reading. Before each set the 
circle is shifted so that the readings foo each single object are uni- 
formly divided over the whole circle. In order to eliminate periodic 
error, as pointed out in %39. the circle should be shifted each time ap- 
proximately 380° •♦ nm, where n is the number of sets, and m the number 
of eouidistant microscopes. If the instrument is in good adjustment, it 
*ill not be necessary to reverse the telescope in the middle of each set 
provided that the observations are equally divided between the two po- 

^Sometimes the sweep of the horizon includes the reference line at the 
end of the first half of the series and at the beginning of the modi*. 
especially- if many stations are included in the series. This serves to 
detect instability of the circle. 

If the instrument ha3 no lower motion it is inconvenient to shift the 
circle after each set. The Coast Survey practice in such cases is to 
choose either 5 or 7 positions, equidistant 360J * 5 or 360° * 7,and take 
an equal cumber of sets in each positionjsuch that the total shall give 

the reouired accuracy. v^..nj u« 

• In setting upon the reference line, the zero of the micrometer should be 
advanced l/« of the smallest division of the limb each time, in order to 
distribute the micrometer readings uniformly over the space. This will 
give a uniform division of the readings upon each of the other objects 
sighted,so that the average of the micrometer readings upon ea*h object 
will be nearly the same,and the correction for error of runs for-each 
angle will disappear. 

The objections to thi3 method of observing angles are thus 3tated in 
the N.Y. 3. Sur. Report for 1387 by Mr. Wilson. "An objection to the 
method of directions is that it is very difficult, practically impossi- 
ble indeed, to secure full sets upon ordinary points where the highest 
degree of precision i3 desirable and where broken sets are decidedly 
objectionable. In addition to this drawback to the met hod, another and 
very serious one arises from the length of time consumed in taking read- 
in^ and bisections to several distant primary stations. 

fhen the theodolite is supported upon a high tower, as is frequently the 
case, the entire instrument is continually twisting in azimuth as the tow- 
er is subjected to the heat of the sun's rays. It is therefore of great 
importance that the intervals between sights should be as short as pos - 
sible and that the two series in each set should be taken in about the 
same space of time. FreQiently however,one-half of as may te taton 
in fivfminutes, while the other may rehire ten or fifteen . The broken 
sets are afterwards filled up by new sets including the missing sta 
tions and the reference line. 

44. TBS I6TH0D OP SIMPLE ANGLE MEASUREMENT. In this the number of 
points in each series is reduced to the smallest possible number, or two. 
The angle between eaoh signal and the reference line, or the angles between 
adjacent signals ,oan be measured independently. Or, the measurements 
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: can be so arranged thAt'between a, stations n, (a?l) '+ 2 angles will be 
measured; starting witn the first station as a reference line and swing- 
ing to the right to each of the others will give n,- 1 angles, Pig. 36, 
then from the seoond to each of the others to the right (not including 
the first) a,- 2 angles; then from the third; etc.; to the n, - 1 from which 
only one angle is measured. 

Tae sea of the series = first term plus last term, malti plied by one-half 
the umber af terms, = QL*.- 1) + Km,- 1) * 2  .*< n. - 1) + 2,as stated; 
above. This gives the same number of pointings ,( a, -si) ,upon each signal. 
Bach angle is repeated the same number of times, and this number is taken 
large enough to give the required accuracy 
To eliminate periodic. error, the initial reading 
for each repetition of aa angle is increased 
by 360* * mm ,as ia §43. m being the number of 
microscopes and n the number of repetitions 
of the angle. To reduce the effect of ac- 
cidental circle errors, Schreiber.Zeit. far 
Vermess. p.p. 209 -240,1878, divides the dis- 
tairee between initial readings for the dif- Fi^/at. 

ferent repetitions of an angle (360 + mn) 
br the member of angles, n, - l f to be meas- 
ured from the first reference station, and increases the initial reading 
for each new angle by this amount, starting from zero. 

The initial readings for the an gle* measured from the other stations 
a* initial lines, are taken from the firstJTising one each time which has 
not already been used with either of the lines forming the angle. An ex- 
ample of the settings at a station where 6 signals are, sighted may be 
see* in H.Y. S. Report, 1837, p. 145. 

This method requires the same number of pointings and readings as the 
preceding fmetwo stations, 4/3 as many for 3 stations, 6/4 as many for 4 
stations,etc. , provided the visibility of the signals will allow of al- 
ways taking full sets by the first method. Por long lin-es,as in primary 
triangalatioa, these ratios will be less owing to imperfect sets by the 
first method, while if the delays in waiting for signals to show in order 
to complete sets' «*« taken into account, the advantages will often be 
with this method. 

inciter advantage of this method is that angles can be measured whenever 
twp signals are visible, provided atmospheric conditions are favorable, 
allowing more time to be utilized while in the field, and each signal to 
be sighted when under the most favorable conditions as to illumination 
and steadiness. 

45. TBS METHOD OF BBPBT1TI0NS. The impression is quite general that 
this method will not give as good results as those with a direction 
instrument described above, but tlie method has been a favorite one with 
many most excellent observers, and the results obtained have fully jus - 
tified their preference. Wben the upper motion is always rotated in 
the same direction, errors due to twist of observing staad^drag of cir- 
cle by friction of upper motion, travel of clamps, etc., are not •J 1 » na *J d 
by reversing tbe telescope,and the resulting angles will usually be too 
small/although sometimes too large. This is obviated by taking one-half 
\?e rwtitifns upon the angle,and the other half upon its «g£»« { 
»i«i«»\»riaf2in4 from left to ri&t with the upper motion. ^ Errors wnipn 
tSfto^kf ?he u*uT too s^mall will thus also tend to make the ei- 
mleaeat too smaller we angle derived from it too large. 

Qir the S.I.S. Survey the practice was to take tatree repetitions r j of 
the same angle with telescope direct, reading the circle at beginning and 
end; then three repetitions of the eaplemeut with telescope reversed, still 
swinging the upper motion with the graduation ^which is equivalent to "un- 
winding the circle., i.e., the third repetition will bring the reading back 
nearly to the initial one. The ezplement thus only enters in the direc- 
tion of the swing for the^orwr motion, and not in the figures recorded. 
They took 6 9 eta of 6\ repetitions each for an angle, and the results with 
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only an 8-inoh circle were as satisfactory on primary worn as~«fTb a di - 
rectioa instrument. 

The angle from a reference line around to each signal can be measured; 
the required angles then resulting as sums or differences of the measured 
ones without the labor of station adjustment; or the angles may be meas- 
ured as shown in Pig. 86. The initial readings for the different sets of 
an angle should differ by 360°/mn as usual, while if the angles are meas- 
ured as in Pig. 38 the additional precaution can' be taken of having no 
two readings alike upon the same signal. 

46. CONDITIONS FAVORABLE FOR OBSERVING. To support the instrument tri- 
pod,or stand, three solid posts are set in the ground vertically some two 
feet with tops level, bne for each tripod leg, and well tied together and 
braced by nailing on boards. The dirt* is then tamped around the posts and 
the center often filled w;itti stone. tfhen an elevated observing stand is 
used,see $33 the tripod or inner tower supports the instrument directly 
without the tripod, and the outer tower the observer. 

?n all cases the height of the instrument should be such that the ob - 
server can look through the telescope wjien standing erect comfortably 

Some observers use a more or less portable observatory for the pro - 
tection of the instrument from sun and air currents while observing, but 
the more common practice is to use a tent for primary and secondary 
work, and an umbrella or other simple shelter for tertiary. The tents 
used on the N.Y.S. Survey were octagonal for ground stations and square 
for elevated observing stands, both 8 feet in diameter, with walls 6 feet 
high, and made of 8 oz.duck. They are supported by 8 poles, one in the 
center of each side for the square tent. The wall is in one piece, sup - 
ported at the top by small pockets which slip over the tops of the 
poles, with a flap one foot wide at the bottom to tack to the floor to 
shut out the wind and dust, and a triangular shaped door large enough to 
admit instrument boxes as well as the observers. The top is in one 
piece ,held up in the center a foot above the eaves by a rope attached to 
a small thimble sewed on the outside,with flaps about a foot wide at 
the eaves which are strapped to the walls. Qiy ropes extend from near 
the tops of the poles to pegs if on the ground, or to the railings or other 
parts of the observing stand-' if elevated. Floor space is better econ- 
omized by placing the tent eccentric over the station °» ?^" <* *! tor " 
in* instrument bozes.etc. Care should be taken not to obstruct line, 

oi sight by tent poles. 

The walls can be lowered a foot for observing,or a window, one foot 
wide can be cut around the tent at the height of the eye or telescope and 
covered by a flap on each side when not in use. 

Tower sheets of 8. oz. duck are sometimes used on two sides of an ele- 
vated observing tower to protect the inner or instrument stand from the 
wind to prevent vibration, or from the sun to prevent station twist, the 
exposed stand having a tendency to rotate in azimuth with the sun during 
a bright sunny day and to return at night. 

The best time forobserving is on a day when the sky is overcast; next 
to this is a calm, pleasant, late afternoon; evenings from about an hour 
after sunset until about midnight are also favorable. 

The hours for observing upon the U.S. C. & 6. Survey are in the summer 
season, from sunrise until 8 a.m. and from 4 p.m. until sundown. Verti- 
cal angles are measured from 12 m. to 1 p.m. and in the afternoon until 

within an hour gf sundown. 

Lines of sight passing close to the surface are most disturbed by heat 
wave and other atmospheric disturbances, producing the appearance in the 
telescope often described as •boiling'. Lines over furnaces and cities 
are obiectioaable, while those over bodies of water are not usually so 
clear as those over land; high lines are least affected by atmospheric 

disturbances. 

$he readings for an angle should be distributed over different days 
or divided between forenoon and afternoon, to equalize the effects of 
lateral re fraction, side illumination of signals, etc. No readings 
jaJkould be taken under any improper conditions of the atmosphere, as shown 
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chiefly by the appearance of the signals. Tlis inat.raient should be bMtd- 
 ed «ith a light toiiti sod with a certain degree of rapidity, yet in oct* 
Pieting • pointing It shoald to done carefully and deliberately .si than t 
«om-j <w bias as to toe remit .ntobtBg toe sigsal long enoaga to be 
oertala that It la coolly la tbe line of collin&tion and not teaporar - 
i-lj there duo to oarallas er a sadden change of refraction either lat- 
eral or vertical. 

47. aCCOHaCY 0» MSflLIS. the Halting error adopted by tee B.3.C. * G. 
Sarvey in closing triangles, it 3 ascends tot priaary trianglss.a for aoo- 
ondary.and 12 for tertiary. Tae average erron la closing are of coarse 
very mob less. 

for secondary «ork,the range of vslneB for an angle la given by Sea. 
Quia, a Coast Surrey authority. at ffon S to 8 seconda, and the probable 
error as foand by coppering the sisparate values rith the aean.not over 
9.8 saoond. These rabies are given to aid the observer in judging of 
the accuracy of his results <hile still in the field. 

On the H.t.S. SBEvay the observing party toot the precaution to adjust 
the observations at a station <hile still in tbe field, in order that ex- 
tra sets ooirld be taken, or defective ones repeated, in casa soas of the 
directioas did not sho* saffioieat acoaracy. fhe linit for the aean 
square error of a direction ias placed at OT-5 for priaary sork,aod l'.O 
for secondary and tertiary. 

H* ! Olf-AS »OR RECORD, 
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(a) Feinting aade upon the bright reflecting 
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14 D sin 1- 

j* being so snail that sin a -Asia 
{ b) Pointing aade by bisecting t 
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Bisect the angle PCS, or 2S, subtending the illumin- 
ated portion as seen by ttfe observer, at C, by CB 
for the line of sight. Then POO  , S'*(l; OCQ » 



99 



a»- 



sinv*+fr) * (S ♦(*) * 3iQ 1* • **»♦ B- w 
sin <S -|») • (S -fO sin 1" * f.«l«k-r W)/D » 
r cos«h / D. 

3a btr acting, 

2psi^A*-(«l*eos«)r/D«2 cos* V2<< r/D,by 

. g oos 2 V2«K 



Hj 



Dsin t! 



(28) 




50. SCCENTRICIT?. The signals daring the Beasureneht of angles snovld 
be carefully matched, and if at any. tine found oat of center Che anoant and 
direction rith reference to one of the sides shoald be measured and tne 
date noted. By plotting this data to a large scale and laying off tne 
lines to the other stations rith a protractor, any X can be scaled «ith sal? 
ficient accuracy.. 

If e  J. distance fros the signal to the line joining the stations, 



Correction for eccentricity * 



(24* 



D sin r 

irhich rill apply to each line rb ether the eccentricity be that of signal 
or instrument. A sufficiently accurate value of can be found by solv- 
ing the triangles rith the approxiaate angles, ffhen the instrument is 
set up at an appreciable distance from the station point the following 
for aula is often used: 

Let C be the station; B the ins tra sent; ABB the seas* 
ared angle; ACB the required one. Measure also 
CBB.and CB * a; and find and If by an approximate 
solution of the triangles. 

ACB * ABB  BBC - SAC 



Bit BBC * 



a sin OBB 
If sin r 



BAG 



a sin CBA 



D sin r 
BBC and BAC being so saall that for their sines 

re can use the angles in seconds into sin r. 
Substituting, 

ACB  ABB +_a sin CBB^a sin CBA ( - . 

IT. sin r D sin 1" l ' 
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BASS LINES. 

51. BASE LIHS SITS3. Primary bases are from 3 to 11 miles long,and are 
placed from 200 to 600 mUes a part; secondary from 2 to 3 Biles, and from 
50 to 150 miles apart; tertiary from 1/2 to 1 1/2 miles, and from 25 to 40 
miles apart. 

They should be so arracrged that the sides of all important triangles 
can be checked from a second base. If the country is very flat, the base 
can be placed anywhere to fit the main triangulation,but if rough it 
may hare to first be selected and the triangulation fitted to it. 

The scheme for connection mast be worked up for each particular case. 
The small length of base in comparison with the distances computed from 
it, has led ** the attempt to measure accurately, to forms of primary base 
apparatus -which require a line to be graded longitudinally to slopes of 
not more than 5* or 6* for a width of 10 or 12 feet . greater elevat- 
tions being overcome by vertical offsets. 

52. BABLY P0R1S OF BA3B APPARATUS. Wooden rods irece at first mainly 
used. A set consisted of 3 or 4 rods, which were placed end to .end begin- 
ning at the end of the base, the .rear one was then moved forward and _ 
placed in contact with the front oae,etc. Abandoned at aounslo* death, 
£rrg. 0rd„ Sot*, on account of changes of length due to moisture ,and 
glass rods subatitated. 

Borda Apparatus . Pig. 40. 4 base bars; 2 toises (* 3.898T ) long 
each of 2 flat strips, upper of copper, lower of platinum, fastened together 
at rear end; difference in 
expansion measured at front 
end by graduated scale on 
copper and vernier on plati- 
nuc at B/ from which temper- 
ature' or change in length 

inferred. "Contact" by / $ _[ 

slide C,read by microscope "~ ±**** 

D. Sheltered by board 
cover Above the bar. 

Struve Apparatus . Iron rod wrapped in cloth and raw cottos. 








ourial thermometer near each end with bulb let into body of bar. 
tacts by contact lever of Big. 41, a spring yielding 
as the contact end is pushed back by the next bar 
until the arm reads zero on the scale. 

Offsets to the ground made with a transit at right 
angles and 25 feet distant; the position being held 
over night by a slide and cube on the top of an .iron 
pin driven 2 feet into the ground. 
» Bessel Apparatu s. Fig. 42. Components iron and 
ziftc forming a metallic thermometer like Borda* s. 
Sxpansioa^and contact by slim glass wedge_between 
the knife edges at A and B ,the 
wedge ordinates increasing by 0.01 
Paris line, - .0089 inch. 
Colby _Apparatna . fhe components 
brass and iron are used to compen- 
sate for temperature, and not to meas- 
ure expand on as with the Borda and 
Bessel. The bars are placed side by 
side and fastened,** the center as shown. 
The microscopic dots,* a ,a' on the 
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compensating levers remain 
fixed for equal changes of 
temperature in the two rods. 
These dots are on the side 



of the case so that the microscopes of Pig. 44 can be. place* over tbem, 
one over its dot directly , the other over the dot of the other bar by 
pushing the bar back for "contact" The axis in Pig. 44 serves as a tel- 





M*25.) PORRO APPARATUS. 41 

esoope tube for transfers to the ground, its verticality 

being indicated by the attached level. The telescope & 

show at A serves to align the microscope case. Tae ap- A \_ 

per plate connecting the microscopes is brass, the lower 

iron, compensating the distance betreen the dots, a, a'. 

The bar is 10 feet long and the microscopes 6 iaches c-^ 

apart. *•**.«*» C 

Bx. 1 Find the units of the Borda scale, Pig. 40, such that an increase 
of one in differential expansion shall indicate an expansion of 1 H per 
meter for the measuring component. Length for dif. expansion assumed 9 

s .sr 

ix. 2. Find the error in the computed length of the Eessel (2 toise) 
base apparatus due to a difference of 1° in the temperature of the two 
components. 

Bx.3. Find the length of the compensating levers of Fig. 43, for a dis- 
tance of 3 inches betreen the tiro components. 

$3. BACaB-ffURDBBAH APPARATUS. (See C.S.R,1873,App. 1£) Length 5 m 

As sees in the Fig. 
the tro component 
bars are rigidly at- 
tached at the rear 
end to the block A, 
and supported by rol- 
lers ;rhile the front 
ends are connected 
by a compensating 
lever B. The con - 
tact rod C projects 
through the end of 

the case, while the Borda scale can be read through a aindo/r in the side. 
The contact rod B at the rear end is held in position by the II levers F ,F 
Divotted at the bottom of the brass. 

Its inner end knife edge rests against the cylindrical surface G. By 
uringiffg the V^m tor back throagfc the case with a tangent screw, the eon-? 
tact rod resting against the rear- bar, G,is forced^bringing the bubble 
** w«, contact level H to the center for* contact. Ihen in this posi- 
tion the axis of the cylinder 6 is the axis of the level sector J.,so that 
inclining the bar for slopes does not disturb the contact distances or 
level so long as the level sector tube remains horizontal. 
The cross se'ctions of the Borda components are so arranged that, rhile 
the tro have equal absorbing surf aces, their masses are inversely as their 
sbecific heats, allowance being made for their different conducting powers., 

Both surfaces are varnished to give equal absorbing power, and the Whole 
is protected by a double spar si***** tin case painted rhite to prevent 
rapid changes of temperature. 

The heads of the supporting metallic tripods are adjustoiVU. vertically, 

laterally, and longitudinally ,the motions for the rear one being control- 
led by rods running to the contact man at the rear of the bar. Bach tri- 
pod leg is adjustable by rack and pinion and by 
foot screw. 

The end of a bar is transferred by a transit at 
right angles 

54. PORRO APPARATUS. In this a return is madejbo 
the method of measurement with chain and pins, the 
base bar taking the place of the chain, and 4 micro? 
scopes with very firm supports, that of the pins. 
As originally designed the rod was made of fir, 
varnished and encased in a copper tube; but as soon 
modified, the fir was replaced by 2 metals, form- 
ing a Borda thermometer. 

The microscope, Fig. 46, has 2 objectives, one for 
plumbing over a point on the ground, and the other 
for sigh txnd at the bar, a cap with a central open- 




IBt shutting oil the light 
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ri does not pais through both when looking 



The telescope of the rear stand is used 
tie line at an offset target and then align 
ing the place of tie front telescope aiis. 

55. Q.S.L.S. SBF90L0 APPARATUS. See Pri.frl.g.3.L.3arvev, P.13B. This 
la of the Porro type. The oosponents, Steel and »»c are placed side by aide 
in a 4-inch icon tube; the; are fastened at the center and are free to err 
pand each nay apon rollers; their ends are cut a»ay to the neutral aiea and 
graduated platinum plates attached. In seasnring the aicroBeter licro - 
scope is set upon the zero of the eteel bar for contact and a reading t ak- 
in apon the nearest division of the zinc (or teiperntare. 

The tube stands are placed at the ends of the bar or tube, so that the 
front for the first position beeoBes .withort disturbance the rear for the 
second position, etc. The tube in lengthened by a bracket at each end, the 
rear one resting on a knob in the center of the tabs stand head. the front 
one carrying 2 rollers, one V-sbapod.nhich resh on tracks on the tube stand 



The licrosoope stand is placed opposite th 
supporting the Bicrasoope over the end of th 

The bar is aligned by a telescope on the t 
ired ii& a level sector. 

To set a licrosoope over the starting pain 
sailed and i telescope tuba placed over the r 
point, the end fitting accurately. The tube 



tube stand, a long bracket 

a and its Inclination noas- 

the tube stand head i* re- 
t crystal knob larking the 
Bade vertical by an attnoh- 



IEANSZ AFFLATUS. tEngrg. fleas, he 
1 of experience in Europe nith th 
; Borda therBoaetor for 



This Is an out - 



a 4- ISO" .iron j.. 
without Base or cover except . 
large observing tent. Harks 
are engraved on snail platinm 
disks at points 0.5 



irlal the monsters nth 



ter tent f 




are attached. 

Under grou 
in advance 



transfers to the ground are al- 
lowed at other paints. Bepen; 
dance is placed upon rapid oon. 
tinnons sorh (lBO™ per ' 






to temperature changes 

the object end so that it can be Bade vertical and set over the eouu - 
meat at II;  u returned and sighted to a target on the Una at a- the 
next iicroscope stand is set up 4-ahead and a target at ..taking the 
plane of th? telescope ails, is brought Into line by sighting throagh f 
its aligning telascope Is replaced and sighted to the target ahead; the 
bar E is tben brought under the sicroseopes v.trie dot b at the rear 
end being accurately bisected.nnile the front aicroscope Is soved longi- 
tudinally on the slide S to bisect the dot at the front and; the 3rd. 
stand ia set up like tne Sid, and the bar soved foraard. (hen a ecuu- 
sent ts reached a stand is set over it as in starting, the bu nit it n» 
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•Itionr and a 1/2* scale used to measura the distance from the microsoone 

to a l/2~ dot on the bar. 

57. IT-S.C.S.SBOONDARY APPARATUS. Ifiep. 1830,App.l7) The constrnetion 
is clearly shown in fig. 48 from Saegmller^s Catalogue. The measariaj 
rod is steel 4™ or 5 W long* The ontside tubes ace zinc, one fastened to\ 
steel at the rear with its Borda scale at the front, the other at the 
front with scale at the rear. Bach scale is read by a magnifying glass 
at the top of the case. B is the tangent screr working against the 
strings C at the front end for contacts with the slide B. The mercurial 
thermometer 6 is attached to the case and' its bulb is not in contact with 
Una bar. The case is a pine joist about ^xf. The tripods are 
mainly of woodjthe cross bars can be clamped to the standards at any 
neight. 




Kith the College bars the Borda readings nave been abandoned as unsat- 
isfactory; the case has been covered with hair felt and canvas; and the 
thermometer has been replaced by two near the quarter points with their 
bulbs in close contact with the -steel bar and surrounded by iron filings. 
53.0.S.C.S. GRIDIRON COMPENSATING APPARAT9S. Ifiep. 1382, App. 7) The ex- 
pansion of the steel is balanced by that of the zinc for equal temperature) 
changes for the two components. The details of the secondary appara- 
tus, §57, are elaborated for 
the case, contacts, and tripods 
fx. 1. Find the lengths of the ,_ 
components of Fig. 49 for a base 
fear § w long* 

Oz.2. Sketch the construe - 
tion and find the lengths for a 
brass and steel combination 6™ long. 

59. i.S-.G.S. D0.PLBX APPARATU3. (Sep. 1897, A pp. 11). As seen in Fig.50. 
there are 2 separate tjars with contact slides ,a steel tube and a brass 
one. They are placed 1 1/3" apart in a brass tube, which can be rotated 
180* about its axis in an outside usupporting tube, in use. double con- 
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tacts ace made, steel to f 3teel and brass to brass, the acoamlated differ- 
ential expansion showing itself by the movement of one rod upon the 

other as noted by reading the vernier and scale at each end at the begin- i 

ning and end of the measurement of the section. I 

About 2 reversals, or rotations of the tube, are required per day, ar- [, 

Tamped symmetrically as to rising and falling temperature and so as to | 

have the sane number of bars placed in each position. 
The outer tube is covered with felt and canvas, and the bars are ^sed 
under a portable tent draw by a team as the work procesds. A speed of 
40 5-meter bars an hour is claimed to be easily maintain «. 

30. STAHDA8DS OP bSHOTH. All measurements of the '?»t$u»*l™' e 
been referred to one of the 12 original iron meter bars standard^ m 
1799 by the French Committee in terms of the toise which had served as 
a standard unit in measuring the meridional arcs of Prance «*£«*•*; 
lor. 1899 the Government received 3 platinum iridium bars of *•*•*: 
vm meter standardized by the International &reaa at p f ^ a ° d t £ ? nte p _ 
eaTly^n 1900 these have referred the Coast Survey standard to the Inter- 

national. 
The length of the iron bar is now taken 

* 1* + 0.2^ 0.6* 

as the result of recent comparisons, instead of 

» 1* - 0.4 V ,as given in 1799. 
In A pp. 6 of the Report for 1893 it is stated that no legal standard 

of weight or length was adopted by Congress until July 1366(a Jroughton 
82 inch scale has oeen used by the Treasury Dept. as a standard in col • 
lecting duties, etc.) when th8 metric system was legalized and the weights 
and measures in common use were defined in terms of the metric emits, giv- 
ing* 

1 yard = J$£2- meters; 1 pound * i^oTh k *- ^ 

As a Lesult the Survey now uses l m * 3.2808 1/3 feet , instead of 1* • 
3.280869 ft. as formerly. 

Standards are divided into line measures and end measures; with the 
former the length is between the end surfaces, with the latter, between lines 

or points near the ends. 
61. COMPARATORS. In comparing twp end measures they are placed between 
parallel planes br spherical surfaces, first one and then the other f and the 
change in position of one or both planes measured for the difference in 
length of the two bars. With the old Saaon pyrometer of the C.S.. one 

fiSfiSS So'T.^S.rSm th f e th to%TfThe fl&f »r!ttiff &&1^* 

tnlflrs? by a sprtngand held back by a delicate chain C wound around 
the vertical cylinder D actuated "by a weaker spring. 
In placing the bar between A and B,the 
first spring insures contact and the 

second tension in the chain, giving a . 

fixed position of the cylinder for a [Tj [g L^ 

fixed length; this is noted by reading U ^ J m H 

through the telescope B a division of 
the scale P reflected from a mirror Fie^si 

on the cylinder.  »"hen the other bar .^^ m 

is inserted,the cylinder has a different nosition.and another division 

is read. 
The contact level comparator is more convenient. especially for fieli. 
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comparisons. 1 contact level is used at 
each end to sate certain that the bar 
touches without indue pressure. The 
The licroBeter screi A is turned 
farcing the ssall rod B against tie art 
of toe IstsI until the bubble reaches 
the canter. 

The Oollege field comparator has the r - ya 

base bar contact slide in place of the 
contact level. 

ft find the length of a 8- bar, 6 f bars are each coaoirsd with 
the standard; they are then placed end to end eoiVt* rttTtbT 6-^ar 

Id coopering line reasures.iicroneter microscopes are sainted on oieV 

for coBttensarate uoit.a the alimoit. parts are marked off on the 

■dSSM"^*!" 5° Bpari33aa K,ds  ith tbe sb0 " er ooe . tn « HHlll. being 
added as with end measures. 




■" comparitor 
2 tenia are for determining coef: 
ed by circulating warm niter through the 
e.t a constant temperature. The aicroscop 
(ha^maeters near the bars. 
She licrometer micro3cope»of tbe College 
placed at any distance apart fro* 4* to  

83.- IBBCOBIiL. THESKJUErEFIS. TberBomete: 
•a-iiliarr, the scales of the Corner inolu< 
ing point of water which allows of their 
each one independently, the scales of tbe 
these fixed points and they can only be s 
sons other thernoseter. ,, , 

fith glass .as ilth tempered steel, zinc 



3 divided into standard and 
th the boiling and the frees 
a studied and standardized 
sr do not contain both of 

"dized by comparison- with 



jered steel, zinc and its alloys, and sons other 
jges las behind the teuperature chsngei, giving 
rise to rekdaal eimnsion . This is especially apparent in the variations 

ice depending .for some tine upon the previous *•£»«£ 
aoaetar. The depression of the zero.due to the sickness oi 



the bulb i 
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oontraotimg is produced much more rapidly for a given change of temper- 
ature than the elevation due to slowness in expanding; the rapidity of 
both movements increases as the temperature is raised. Special high 
nelting point glasses (the verre dor of the Trench, and the J§aa of the 
Germans) are made which have such less residual expansion than the crys- 
tal glass commonly msed. 

fhenr a thermometer of verre dur glass is heated from ordinary temper- 
ture to 100* ,the stable condition is reaohed in a few minutes; when 
cooled sore than one-half of the residual expansion remains after 24 **«*. 
and the stable condition is only reached after several weeks* With crys- 
tal, the stable oondition at 100° is reached in about an hour,»hil8 months 

are required after cooling. 
For the accurate determination of temperature, read the thermometer, then 
plunge into Belting ice and read; the difference will give the temperature 
above 0* referred to the fundamental interval 0° to 100°, the 100° point 
having been found by referring to 0° La the same way. Small bulbs are 
often blown in the tabes of standard thermometers to allow of the 0* and 
100* points without too long a t-be. 

fhe aoales of the best thermometers are scales of equal parts etched on 
the steal. 

fhe tube is calibrated by breaking off columns of mercury of different 
lengths and noting the length in scale divisions as &«*«<* moved from end 
to end of the tube (a small bulb at the top is necessary for this work)-. 

The 100* point is computed from the observed temperature in steam under 
a given barometric pressure, and the 0* point by melting ice immediately 
after, "this gives. the fundamental interval which is to be divided into 
100 equal parts for the Cent, scale. The calibration corrections refer 
these equal volume: parts to the scale divisions, so that the scale divis- 
aionm can be expressed in degrees. A perfect tube and scale within the 
errors of observation is thus secured and residual expansion can be elim- 
inated io use. These corrected temperatures (including a correction for 
pressure on the bulb) are called mercurial thermometer temperatures, and 
they are usually accepted as standard, assuming the expansion of mercury 
in glass to be proportional to the temperature. 

The International Bureau has adopted the hydrogen scale as standard* 
and by comparing the mercurial thermometer readings with the correspond* 
iflg pressures of a constant volume of hydrogen, by Variottes la.», they 
nave derived correction tables for different kinds of glass. The Coast 
Survey has also adopted the hydrogen scale* 

The corrections for verre dur glass are as follows: 



t cor. 


t cor. 


t cor. 


t • Cor. 


t Cor. 


t Cor. 


-25' -K).23S 

20 .172 

15 . 119 

10 .073 

5 .034 


Q 0.000 

+ 5 -0.028 

10 .052 

15 -.070 

20 .085 


+25'-Q«P55 
30# .102" 
35 .106 
40 .107 


+45' -0.106 
50 .103 
55 .097 
60 .090 


*65* -0.082 
70 .072 
75 .962 
80 .050 


+85* -0.036 
90 .026 
95 .013 

100 .000 
.... 



See Ttrermometrie de Precision, by Guillaume , Paris, 1880. 

fr* LENGTH OP APPARATUS. Prom what has been given in K80-6* the meth- 
od of finding the length of a base bar is evident. All the comparisons 
except field comparisons are made in a room so protected that the daily 
range of temperature is small; thermometers are placed in contact with the 
bars and a few. readings at a time are taken quickly before the heat of 
the body causes a local disturbance of the temperature of the bars, the 
latter being protected by a case or cover. With bars of tbe same mater- 
ial the actual temperature need not. be known very cleselyi but the exact 
difference is essential. 

Since the probable error in bisecting a line with a micrometer micro - 
scope under favorable conditions is given in%25 as Q.25^ upon the retina* 

.075*26 * 0.13* upon the scale ,and 0°.01C changes the. length of a steel 
bar 0,12** per meter, attention should be given to securing good temper- 
ature conditions, and to avoid the accumulation of constant errors. This 

will' reoutre changing the order of the- readings, the positions of the bars. 
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etc.,for tai> different sets. 
The determination of the coefficient of expansion re on ires great care- on 

account of the difficulty of getting all parts of the wbTb bar at the 
same temperature and keeping it constant long enough to read the thermom- 
eters and micro ice ter microscopes. She bar is usually immersed in tracer 
or glycerine, while its companion is surrounded by melting ice. In Pig. 53 

the water is heated by a gas jet at a distance and circa lated through the 
pipes' shown; circulation in the tank is secured by turning the wheels shown 

at the ends. Readings are taken through the water. 

The comparison of incommensurate units, e.g.,.the foot and meter, re * 
quires great care and labor. 
Comparison of line measures iritb end measures. 

field comparisons are very desirable ,in order to detect any change in 
length due to disturbance in transportation, ana also to find the actual 
length of the bar as compared with the computed ,when exposed to sun , 
wind, and rapid ohanges of temperature. „,,.,.. 

Rx.l To find the length of secondary bar Ho.l, the following comparisons 
with standard Ho. 2 and data, are ^" (C.S.B..MW. 

Length of standard bar Ho. 2 at 32** fgSHS 

One division of the scale of pyrometer 0.0Q00O174 

Ooef. of expansion for P. scale 

Thermometer attached to standard ,too high 



«* 


n 


* roa 


tt 


Standard 


80. 2 




Thermo. 


Div. 




77! 3 


21 




78. Q 


15 




78.5 


IS 




77.93 


IS 




-0.70 





Sod 
Thermo. 
76*.0 
76.4 
77.0 
76.47 
77.23 



0.00000641 
r -*!7 
0.0 
No.l 
Div. 

* 10 

+ 41 

+ 55 
28.67 
18.00 



77.23 



10.87 



+ 0TOOOO2923 
+ 0.00001857 



+.76 
Computation 
0.76 x 0.00000641 * 6 

10.67 * 0.00000174 

At 77°. 23 no. 1 longer than Jsta^dajrdJ). 00004780 

At 77 .23 standard So. 2 6.00172188 

At 77 .23 rod no.l 6.00176968 

At 75 • *? 1 6.00168391 

field comparisons are very desirable ,in order to detect any change 
in length due to disturbance in transportation, and also to find thej>t 
length of the bar a3 compared with the computed,when exposed to sun,/* 
and rapid changes of temperature. 

64. DBPBOTS' AHD DIFFICOLTIBS. It is very difficult to find the 
temperature of a bar and its conseqaent length under field conditions. 
JAp Oolby apparatus (§52) after being used in Bngland » taten *> India 
Jalarge number oi bases measured.tat the<»npensatw>B coold not be relied 
upon and mereurial thermometers were substituted. The Bessel apparatus 
(552) gave as the mean of 2 day's observations at the 66" tt in gen base in 
Aug. IBSO.the temperatures shown in fig.54. The case was wood , covered 
with wjiite cloth and exposed to direct fanlight. 
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the Bacbe- tardea*! 15~ft. bar Ho. 1 made for the 0.3. L. Survey **• • 
length at 10 P.M. lag. 5, 1873,^00470 shorter than at 9 A.M ;> as stat ed 
p.86 of the Beport,it having been exposed to direct saolight daring the^ 
day. This would correspond to a difference of 1!3 P. between the 2 com- 
ponents. In 1875,at the Baffalo base,its mean length for the 11 days 
KSmparison was 6^230 greater at 1 p.m. than at 8 a..., the compar- 
isons being made in a tent. The standard was kept U melting ice.. 
8ne kilo^er of the O.S.C.S. Holton base ^^Tl?l^\l^M^ 
.siting ice; bat base lines having an ^certainty ^gj^d ^r«r- 
lionth of the length are often measured ^J^SJEEiS anfcon- 
ial thermometer apparatus. and with both micrometer micros** 

tact slide contacts. 

All defining lines ana sar faces should be in the neutral axis of ™*J** 
to prevent changes in length due. to changes in stress of outer fiber by 
slight changes in the points of support. . 

•1.1. with the Bessel apparatus, %52 f find the difference in tempera - 
ture between the two components required to introduce an error of one 

millionth the length of the iron bar in its computed length. 

£x. 2. Find the error in the observed temperature of the iron bar for 
the same error in length. 

Sx.3. With the Colby apparatus, 552, find the effect upon the distance 
between the end dots due to a difference of 1° between the two components. 

Bx. 4. Compare zinc-steel and brass-steel Borda) thermometers with mer- 
curial in the effect upon the length of the measuring bar of a difference 
t\ 1° between the two components, or the component and the mercurial ther- 
mometer. 

65. PIBLD ITORK. The surface having bp*n properly prepared, monuments set 
and signals erected, points should be fixed in line from 1/4 to 1/2 mile 
apart, so that the bars can be accurately aligned during measurement. Er- 
rors of alignment are cumulative. 

4 preliminary measurement is usually made with steel tape or wire; and 
on the O.S.C. S. a stub and taCk is left every 30 bars to serve as a 
check in counting the bars. (Then a wire is used, a length of say 30 bars 
is measured off, the bars removed, the wire suspended over the line under 
a given tension and points plumbed up, the wire notched and the temper- 
ature noted. The wire is then moved forward, .placed under the same ten- 
sion, the rear notch brought over the front moist, and a new point marked 
under the front notch; etc. 

The method of final measurement varies with the form of apparatus. A 
large force is required. Prom 1/4 to 1 mile is measured per day. Many 
bases are divided into segments and twice measured in order to find the 
probable error of measurement. 

The bars are seldom leveled, it being less work to correct for inclina- 
tion as given by the level sector. Observing tents are often used. 

The O.S. secondary bars require the following outfit: 2 transits, 1 
for alignmentCunless the alignment telescope is attached to the bar as 
in Pig. 48), one for transfer fOtJT. end of bar to ground; level instrument 
for adjustment of level sectorjsteel tape; ax^stakes and tacks. Also 7 
men; one for contacts; 1 for alignment; 1 for notes, reading inclinations, 
etc.; 2 to move and adjust bars ; 2 to set up tresCles; 1 to bring up 
instruments, drive stakes. etc. 

The left hand page of the record Book is «*ledj in columns giving in 
order; time; number of bar, counting from the oeginning;name or number of 
the bar; inclination; temperature; Borda thermometer, rear and front. 

The name of the base, date, and the name of the person in charge should be 
given at the top of the page. $he temperature should be taken every 
10th. bar. or oftener if changing rapidly, and the time noted;also at the 
beginning and end of each day's work, and at any time when there is any 
delay. 

36., TAPE MEASUREMENTS". Some years ago NVJaderin introduced a method 
af measurement with tapes for which he claimed an accuracy of 1/1000000, 
even rheo the work fas done in sun and wind. He used 2 tape** One steel 



sq.se.) coaascTion TORKJLAS. 49 

tne other brass. each 25 m long.the enas resting upon portable tripods 
ser/ing as pins to nark the tape lengtns. while under a fixed tension ap- 
plied by a spring balance. The differential expansion oi the steel and 
brass is relied upon for the temperature correction of tne sceel. 

In using a long tape. 300' to 500' .slim stakes are driven 50 ft. apart 
with their front faces in line, and marking posts at the enas. Ffce posts 

are cut at such a height that a straight grade between can be narked on 
the faces of the stakes. Hooks or rire nails in the stakes support *.V« 
tape on grade; while straining posts each 2 feet from the marking posts al- 
io* of a fixed tension by spring balance or bent lever ana weight »ith- 
out disturbing the marking posts. it; is usually better to read between 
fixed marks on the posts than to attempt to lay off an e/acL tape length. 
The tape length is sensitive to tension and to temperature, requiring a 
constant pull for e<*ch length and work at night or. on a cloudy da? when 
3 or 4 thermometers distributed at shakes along the tape lengths will 
give a close approximation to temperature. ftto to four contacts with 
thermometer readings for each position of one tape.letteng off the ten- 
sion after eacn will increase the accuracy with but little increase of 
labor. 

The length of tne tape when suspended, can best be found by measuring 
a line "hich has .been measured with a base bar. 

Tne coefficient of expansion can be found by placing firm monuments a 
tape length apart and noting the reading on the tape at different temper- 
aUres. 

At the Mass. Inst, of Tech. a thermo phone, • * on the principle or a 
ffheatstone bridge, is used for temperature. u^^r^w 

The tape is paralleled by a German silver T ^ T ^" r%v *^*^ 
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And by a copper wire as shown. The cur- 
rent from the battery C divides at A, 
part passing through the tape and wire to 
6 and a part through the fine wire ABB. vi^ss. 

If the resistance from P to B differs froB. 

that from B to B current will flow through the copper wire operating 
the circuit breaker D. The arm at B is moved over the dial to -equalize 
resistances. As the temperature increases the tape resistance increases 
(the merman silver resistance being only slightly affectea) requiring a/ 
new position for B. The dial is graduated under fav orable conditions, 
and t£ temperature of the tape can then be read "J" '*•"»£ ™% 
B-Ytflnaive exDeriments were made in connection with the measurement oi 

JloT^bSff W«d it ««. found ™£*^Z r l?>**l of 
Ibase line could be reduced to less than 1/1.000.000. but at about the 

[same cos t as with bacs.. 

In triangulation for bridge spans. or for other work where a fair de- 
cree of accuracy is required, a 100 ft. tape between tacks in hubs high 
enough to allow of swinging freely under a constant spring balance ten- 
sion will give good results. Hubs 50 or 75 feet apart would give 
greater accuracy but with more labor. 

67. 00RBBCTI0H PORMJLAS. The-length of a base is made up of the fol- 
lowing terms: (a) the normal length of a bar into the number of times 
each has been applied: (b) the anoint which the last bar overran or fell 
short of the end of the base: (c) the amount by which the true length 
of each bar, corrected for its mean temperature during measurement, differs 
from the normal length, into the number of bars: (d) the sum of the correc- 
tions due to contacts (in those forms only in which the distance between,. 
consecutive positions is not the exact length of the bar) : (e) the sumo*3 
the corrections for inclination, both vertically and horizontally. *" 

Temperature . The coefficient of expansion is constant between the lim- 
its usually used. 32° to 100° P. so that the correction can be applied to 
the mean temperature, ffith zinc, however, a term must be added involving 
the square of the temperature. 

Inclination . Let a  the difference in height of the two ends of the 
bar or tape: b * the inclined length: Xf  the reduced length: x * the 
correction. 
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If the inclination angle i.is given 

b*  b cos i ; x • b-b*  b(l-cos i), or 

z » 2b sin 2 i/g (27) 

(27) is best used by formiog a table for each minute nit hi a the 11 nits 
the inclination, using the normal length of the oar. 
If the average length differs sensibly from the nominal, the total correc- 
tion for the base can be changed in the ratio, actual mean length to nomin- 
al length 1 . ,_ ^ . „ w i i 
For tape »ork,where a is -given by level. 

b r 2«'(b'4 x )2 - ft 2 « tf^_* 2Vx + x 2 - a 2 , or 

j , • &2/(2tf+ x). «a 2 /2b (nearly* (29) 

69. RBDOCTIOH TO SB A LEV^L: Base lines are usually reduced to sea lev* 
el so that all the computed triangle sides aill be arcs of the spheroid 
those surface is that of the sea produced under the land. 

tet B*  the reduced horizontal length of the base at an average 
height h; E  the sea level length: y • the correction! 8*  radius 
of curvature af the plane section througi the base (see Table V;. 

Then since arcs are to each other as their radii, 

B 'R. B"R 



BT 



 *** . o «   p a « W-B  Bf - P*2, or 

ti^» • h* • in? 



■*>v 



(29) 



On leas h is large, or extreme accuracy is desired the h of the denomlna - 
tor may be omitted. 

68. ACCURACY OF RESULTS. This can be inferred: (1) from remeasurements 
in segments:(2) by dividing into segment a and connecting the different 
'ones by trian$ilation:(3) by (Computing the errors from all known sources 
and adding. (3) in connection with (l) is the most satisfactory. 

The principal sources of error for the C.S. secondary bars are: (a) in 
the length of tne bar as found by the- office comparisons, (b) in the 
itemperature as inferred from the thermometers, (c) Instability of tri- 
pods, (d) Backward pressure of contact spring, (e) inclination hori man- 
tally and vertically, (f) Contacts .and transfers to the ground. 

In the most accurate fork, the probable error from all sources is about 

1/1.000,000 of the length. It diminishes slightly nth the length. The 
same expenditure in short bases placed near together will usually give 
triangle sides more accurately than long ones far apart. 



CHAPTER V. 
TRIGONOSsTaiC AND F5SCISS CSfBUNG. 

TBIGOKOlffiTRIC LWELIBG. 

70. SBSBRVA-HDSS. The senith distances, or vertical eagles, are usnally 
peasurec iihsa the station 13 ocoapied far horizontal angles. This Bay be 
done »ith a vertical circle, or differences say be obtained *ith a micro* 
eter eyepiece. 

The height above the station mart of the telescope end of each point 
sighted at'should be .measured, h liee af spirit levels is usually run 
frOB tide vat.er.or fron a station of knoirn height above tide, to one of 
the stations. - 

Refraction is least and nearest constant dnring the Diddle of the day. 
and greatest and most variable at night and aornin^ The best tine for 



lally from 
rlae and sunset. Simultaneous 
give the best results. If not 
over several days to get an avi 
errors are saall in comparison 

gpod iastraients it is not necessary to eliminate 
by shifting the position of the circle. 
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71. DIFF3RaHCE3 OP 9BTGHT "Mil OBSBR/fiD Z8HITH DISTANCES. Let J.f.be 
the measured zenith distances, corrected for difference of height above 
station mark of telescope and object sighted at; h, h'., the heights of 
the stations above mean tide; k ..the horizontal distance in meters 
level, Ri ,U> radiu3 of curvature, and C .its nentral angle: - k/l 

"*' " refraction: ■C.anfile of refraction. Assuming the ai 

ind the chord AB.lig.9t, proportional to thi 
ting the line of sight en are of a circle*! 
irregalar. 
us: a*Fornila 2J) 
ES ) tan f(A-E)/a 
tan [(!«)/: g 
Brt. A* 13ff -S,- ap ; B * ISO***,- "B3 C . 
giving (A-'Bt/S  («V*.>/S + «*.,_-»! 1/2 
Proa the A A EC, U+B>/2 '90*- C/2 

Substituting. 
h 2 - qj  tana*.-SJ/2> Cd. 2 - Bj )/Z [hj^j+a^—X* 

C/3 being sull, tan C/2  k/3t t + kVsa Rj.by Fornula 
Cd.- a, J/8 being very snail, Formula Eft gives. 

5fifff* w * + a( ''-" ■' )/2 5' tM <*•.-*?)/« * «** - ■,)/»«■• 
" "*"".*'((* ••*(*»-*. )/s ♦(■%- «,)kVzai(i ♦^♦Vy u «*^*««dt«» 

3 i saltan eons observations : n.  n^.giving, . 

 k tanU--*-, )/2)ll  (bi + b.T/SR,  iVM Bi «oy 




Sabstituting, , 



1 is t 



1 foranla aaed 



the D.3.C.4 G.3. 
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(e). Zenith distance at one station only . 
a*130°-£,r m.C.as before . B ■*, ♦*, C-C; giving tA-E>/2 * 90 # ^ 4i 3 ..5)C). 

h g ^h 1  k cot fa ^m r .5)K/R 2 3in 1") C l4 < h 2 * h l )/28 * * k /12R "z) * ,( * f) 

By calling the second factor unity and eipanding the cot by Foraula 5),(»ft 
can be reduced to another form which is sometimes given. 

tanfc+U.T .5Kf) " (*-<■, -.»>C tan^n S, ^u, -.ojc)" = 

 cotS+(.5-m)C -K.5 -aj cot* £.0, by Pornula 3§) 
Substituting in (31), 

h 2 • h^ k cot*, +f .5- B| )KVa 2 4 1.6-^) (f/R^cot^S, (32) 

Jf the line is sighted from the other end, a second value will be ob - 
tained.and the weighted mean will give the required result. 

72. 008PPICIBNT OP RBPRACTI08. " Prom Pig. 5«. 

a> m,C +*> V C  ISO* + tjOt 

m 1 + m E *(lJB0 # t (S,+ aV)Ct| /k )sin 1'. +1 (33) 

The refraction coefficients are thus indeterminate from any number of 
reciprocal observations .since two unknowns are introduced for each equa- 
tion. If the observations are simultaneous, m, is usually assumed equal 
to m x . each line frill give a value for m, and the average for the whole 
area can thus be fJound by taking the weighted mean. Thus 

a « (190° - (S. +S X 5 (fc\/2k)sin V  1/2 (34) 

If not simultaneous, the coefficient for the lines radiating from each 
.station may be taken the same. so that in a system of 1 lines joining p 
.points, there irpuld be p unknown coefficients with 1 observation equa-* 
tions of the form (33) . If l>p,the coefficients would be found by a 
least squares adjustment. If the weight of each S be taken proportional 
fro. the number of observations.n. then by Part 1, $3 and (_1*S. (33) 
would have a weight ir given by 

1/w  R^sin* 1V X , (4/n^l/n^/i' (35) 

that is the weight would be proportional to n- ng kV(n. +o 2 ) 
Bessel assigns weights by the arbitary formula. 

n 1 ngvlT/dij  ng) 

9a the ground that errors arising from variations in a. are of more im- 
portance than those from errors in S . 

The average value of m as found by tae (].S % C * G. Survey is 

Across parts of the sea. near the coast. 0.079 

Between primary stations 0.071 

In the interior of the country, about 0.065 

Clarke. Geodesy, p. 231, gives the range in India from -0.09 to +1.21. 

73. OBSERVED ANGLE OF BLB7ATI0N IN SBOONDS. If* = the elevation angle 
(supposed small)* 90°*S .(31) becomes hg-hj s k tan* +(.5*a)kVR 

» k«tan r +<.&TB)k)t„ 
8ubstitating for R and m average values, 

C.5-m)#R s 0.000 000.0657 k x .log const. =2.82413 

tan r  0.000 00435 • • = 4.63574 

giving in metric units, win seconds. 

h % r b, = 0.000 004 85k*c"+ 0.000 000 066f k x ' (36) 

Por k and h x - h, in feet, the last term becomes 0.000 0000902 k . 

It is claimed by the O.S.C.A 6. S. that for«<5* and k<15 miles. (36) 
will give results within the uncertainty of refraction. 

74. REDACTION FOR DIFFERENCE IV HBIGBT OP TS LBS CO PS AND OBJKCT ABO/* 
STATION MARK, bet s be the difference. Then from Pig. 57. 
Sin J , _s_ « j_i sin BDA 

SinABD AD AB^sinABD 



Bq.33.) 

sin ADB 

sin SDA 

sin AED 
Snbstitcrting, /r ^ . /r 

sin i« 5 sia(<5, + mp - C)sin(S, + m Q - C - x) 



RODS. 

 8li(<5; + mC - C) 

» sinCo", + b,C - x - C) 

 sin(90 >  C/2) 



53 



AS 



sin (90°+ C/2) 



'} 




^ in. 



The denominator is nearly unity-.* is snail, 
■C-C is small fdr short distances, and S t * 90* 
nearly for long distances. 

Bence - short distances. x** s sin x £/(k sin IT 

long distances, x" e s/(k sinT) 

75. ZBHITH DISTAHC8 OP SEA BOBISOB. She line AB.Fig. 56,will be tan- 
gent to the sea level surface at B. giving in the right angled triangle ABC, 

R „ + n i s 8„ / Cos C 

Z 1 z 

or. h, * R r (-1- cos C)/ cos C.by Formula lfl , 
sR 2 ^(siii v C/«)/oos 6 * 2H z ^in x C/2)/sin C)sin C/cos C, V^Fcrr^WUx to} 

 R_((sin C/2)/ oos G/2) sin C/cos C= R X *«^CA***\C 

= (a„ /2)tan x C, nearly 
z 

 90* + C, or C « IS, - 90*)/(l - *. > 



*.♦ 



substituting, 



m,C 



ft,  <fi, / 2)/(l-m,) x tan2(£^90*> («) 



76.IHSTBSKBHTS. Precise spirit. or geodetic. leveling is distinguished 
from ordinary spirit leveling by the ase of better instruments art meth- 
ods and more care in observing. 
Some of the nore common instruments in ase are shown. . 

In frigs. 58.59.60, the level is ased as a striding level giving great- 
er facility- of adjustment for both level istbe and collimation.and oppor- 
tunity to eliminate both errors by reversals in observing. The rear y 
can be raised or lowered by a micrometer screw, giving a delicate meaos 
of releveling when pointing at the rod. In Fig. 60. this slight relev- 
eling cannot offset the B.J. of the instrument as with the others. 

In frig* 61, the level tube is dropped into the telescope tube down to 
the cone of sight rays, in order to diminish the lack of parallelism of 
the 2 tabes due to locally heating either end of the instrament.thas 

sacrificing the striding level. The. tiro tabes are cast from an iron - 
nickel alloy having a coefficient of expansion * C. 000. 004 (Cent.>, a- 

boat 1/5 that of brass. The motion with micrometer screw is retained • 

In Figs. 59 and 81, the mirror for reflecting the babble to the obser- 
ver at the eye end is replaced by a system Of prisms which eliminates 
parallax by giving vertical sight rays cpotr bo it ends of the babble. 

Fig. 59 has a qriek leveling ball and socket tripod head which is 
very stable. 

The focusing tide of the telescope shoa Id be long and well fitted 
to preserve parallelism with the line of collimation when sighting at 
different distances. 

Bnff & Bergef have a more recent type of Pig. 60 in which the level 
tube is placed on top as a striding level with a mirror above as in 
fig. 58 rather, than at the side. The power is 50. with 2T.1 level di- 
visions. 

The principal instrumental constants are 



Kg. 


Focal length 


9iam. of 
^objective. 


Power 


Stadia 
ratio . 


Two m.m. div. 
of level. 


58 
57 
60 
61 


14"l/2 

14 

15 

16 


I i/2 a 

1.4 

~n?2 

1 1.7 


50 
25 

35 
I3v 32 


1/231 
1/ 300*1/ J 
1/100 

1/333 


1.7 to afl4 
300 8.3 
6.M to 8 
< X 



It will be noted that these valaes do not differ materially from those 
for ordinary levels. except in the sensitiveness of the level tube and 
tor the magnifying power. 
77. BOOS. Both target and speaking non -extensible rods are 03*0. 
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The mro or Swiss rod is sno»n id Fio.Ce. riti» is used by the U.S. 
Boots. Corps wim the Kern level- Toe SKall-gte-adaations ere centi - 
osiers, while r'.sOiQfiB are estinted to itlliaeters. 
To; wrenon rod is shown lo Pig. 93. rt has * line sraaoation to 2*"" 
printed apon paper and paisteo to the rod. The rod is rather flexible, 
lure an r i" De ^d" 86 ! tD k!** 11 a " e t0 °5 S0 S es in tenberatare sod nois- 
liine sad fastened^ to tHe base plate, while at the top a scale is-attacb- 

'"* ' u " "' the wood. each being reafl by aa ioaei on toe iron. 

)_ graduated that each division represents aa expao- 



! brass scile 




-- ..- -. — o in Pig. 64 is a doable tar get 
 liite pine impregnated with boiling paraff 

atSer rectangular aSd U»ik." , TliPtar|«s 2 airKidi' 
, ,, - h .„ .,.- „ eQgth of^tbe rod being a little o»e 



VZ t 
? on 'double 



y>th , 



ide by t. i L. 

d by 
10 ft. 

seta of 
ae i« - 



! he U.S-G.S. speaMog rod laVhowTat "ig.V/a*"'^ 
divided and read to F.ftbs.or to. .004 foot. iJe 1 
z-ft. basu to correspond .requiring all derived e 
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bled. The shaded portion is red. the other portion* black.on a white 
ground. 

The 0.S.C.4 G.S.rod is show* in frig. 85. The centimeter graduations 
ars on the edge 2. 2 k ^ wide. 

The center of tne bell metal foot is in the plane of the graduation. 
Silver faced plugs are placed 1** apart and the distances between them 

25 e ?i2 d *ft,i!:S? 1 tape for field comparisons, ft thermometer is attach- 
ed for temperature. and a disk level for plumbing as with the others" 

The pine is soaked in boiling paraffine for its entire thickness which 
increases the weight. does away with moisture changes and does not ap- 
preciably affect the coefficientoV *.^t»<vn%io*\ 

78. O.S. C.gfJGRS. MBT30D . The instrument is leveled and pointed at 
the rear rod; both ends of the bubble are read. the 3 wires and the lev- 
el again. for the backsight. Similarly for the front sight. The length 
of sight is limited to 100 m . and the difference between front and 
back sight to 10** . A heavy canvas umbrella is used to protect from 
the san.or sometimes a tent if tAe weather is windy. 

Bach rod reading is corrected for observed inclination by the formula 

Correction  4 id(lm tan r/4) » 4 i d A (39) 

wjiere 4 i * B + B'. r (0 + d) # the sum of the two eye end minus the sum 
of the two object end readings of the level* d * stadia interval; I * 
value of 1* of level; m - stadia constant; A * lm tan l*/4,a constant. 

The difference in elevation between two B.Ms, is corrected by the for- 
muia. 

B.M. Cor. * (d, T d x ) cm tan T (40) 

where d, ~ sum of stadia interrals for back sights; d v * sam of stadia 

intervals for front sights; c * inclination of line of colli mat ion in 

seconds when the bubble is in the center (♦ if object end low), c must 
include inequality of pivots. level error and colli mat ion error. 

The level tube is adjusted antil within 2 divisions. and the colli ma - 
tion until the mean of the 

The level tabe is adjusted antil within 2 divisions, and the collima - 
tion until the mean of the 3 wires for direct and reverse position up- 
on a rod at a distance of 50"" do not differ more than 2.5""*. Bead - 
ings are then taken every morning. and at other times whea there is rea- 
son to suspect disturbances, for the level tube and collimation errors 
to use in (40). By keeping the saas of the stadia intervals, as in the 
record shown. these can be made equal in closing on a B. U, so that the 
correction (40) will disappear. 

Steel pins are frequently used for taming points instead of the foot 
plate of Fig, 62. 
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79. FRENCH 60V METHOD. In this method the bubble ls^kept in the cen- 
ter wnen sighting; the 3 wires are read on tne back sight and also on 
the front sight; the' level is reversed, the telescope ootat'ed 130* about 
the line of colli mat ion. and the note keeper reads the middle hair on 4 
tne front rod and then upon the back rod. These reversals tend to e - 

liminate the error of level and of collimation and those portions of the 
errors of refraction and instability wnich are proportional to time. 
If the discrepancy between the first and last readings exceeds a certain 
amount, both sets are repeated. 

Tne longest sight is limited to 100 w and the greatest difference to 
10"' Wooden hubs are U3ed for turning points, and the same ones are 
intended to be used on the return line between each two bench marks. 

The only corrections required are for rod. errors, but since these in- 

?lude scale errors (paper scales), they have to be made separately 
or each set up, taking into account the chantf* in. length of the rods 
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as shorn by comparisons with the enclosed steel bar. 

The change of observers adds to cost in repairing a good observer for 
note keeper, and it adds to delay and instability ia changing men, espec- 
ially if the cross hairs have to he re-focussed on account of the change* 

& , .. , . PQRIW OF RECOR D 
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80. O.S.S.S'. METHOD, for doable rodded lines and the doable target 
rods of Fig.64,the rear rodman holds on the T.P. of line A and clamps 
his red target when covered by the cross hair; the front rodman then 
holds os the next T.P. of line A and clanps hie red target at the prop- 
er height; he then holds on- the f.P. of line B and clasps his black tar- 
get, the rear rodman then holds on the rear I. P. of linVand and claira 
his black target. B ^*»i» 

Separate notes- are kept for the tw«^ lines (claimed ta Be eauivalem* 
to having been ram in opposite directions): while the Instrument man ' 
checks all 4 rod readings as he and the rear rodman move forward. 

The babble is kept in the center- when sighting Steel pegs are" pre - 
ferred for LP's. The level is adjusted daily, or oftener when necessary. 
Attention is called to the fact that the length of sight should be kept 
so nearly constant that the focas of the telescope will not require change 
ing for front or back sight daring the day, and that if it should reauire 
changing on account of grades or atmospheric disturbance requiring short- 
er sights-, their the level should be readjusted for the ae* position of 
the slide. It does not appear, however, that this restriction is enforc- 
e J. Q °r d °e 3 ** appear necessary with a well made precise level telescope. 

With target rods the rodman is usually required to keep a separate set 
at nntaa. 

81. 0.S.C.& G.S. METHOD. In the old method(Report 1879, A pp. 15) the Vdenna 
or Stampfer level, slightly modified # waa used. Its general construction 
is like the Kern. The rod is a non extensible pine rod graduated to cen- 
timeters on the front edge of the * as a speaking rod, and on a brass 
scale on the side of the front portion for the target. The target is 
moved by a ehaxir similar to the tape of Fift.64. 
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To take a reading; a» The bubble is- brought near the center and the 
target clamped to correspond, the bubble is then accurately centered, and 
the micrometer screw- of the rear V read: the target is •bisected by tarn- 
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lug the micrometer screr aird the 9crer again read; b. The level is re- 
versed, the babble brought to the center, and the target bisected, and 
both screw* readings taken, c. The telescope is rotated 180° about the 
optical axis, the bubble brought to the center, and the target bisected, 
and both screr readings recorded* d. The level is made direct, the bub- 
ble brought to the center, and the target bisected, and both scre/r read- 
ings recorded. 

The stadia hairs and the edges of the target are then read by the lev- 
el roan; while the target and the rod thermometer are read by the rodman. 

Having the value of I** of the micrometer screr f and the distance to the 
rod, the rod correction for each of the 4 readings can be computed by a 
formula similar to (39); the average of the 4 added to the target read- 
ing will give the corrected rod reading. 

The method of double rodding, is in use, as also that, of running a sin- 
gle line through and checking back. 

In the new- method introduced in 1899. and slightly modified in 1900 to 

adapt it to the new level, Fig. 61, the babble is kept in the center while 
reading the 3 wires to millimeters on the speaking rod; the front and 
back sight readings are so taken that the time interval between shall 
be s-aall;at odd stations the back sight is taken first, and at even sta- 
tions the front sight; the difference between frost and back sight dis- 
tances' is* limited to 10™; the diffenenee between sums of front and back 
sight distances between any 2 B-I'svto 20™; greatestlength of sight 150"*. 

The cheek line is usually rum in the opposite direction fro-m the di- 
rect, and under different atmospheric conditions .e.g., one in the forenoon 

the other inr the afterno on: 

a difference > 4^'^tlistance in- kilometers. 
between adjacent B.lTs .calls for the rerunning of both lines until 2 val- 
ues are obtained within the limit. 

The rodman reads the rod thermometer each time, and a temperature cor- 
rection: is applied. 

The error of collimatiotr is determined eaen day tossing a front sight 
reading(after completing a set up; with a new back sight reading about 

30™ behind the levelrthen setting up about Iff* behind the front rod and 
reading both rods again. The correction constant, * correct ion/( stadia 

interval), is found by ^^ 

(sum of near rod readings) * (sum of distant rod readings) ^ 

c (bob of distant stadia intervals) -( sum of near stadia intervals) 

so adjustment is made unless C> 0.005. 

Correction is made for curvature and refraction ,and for level when 
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The. correct ions between :fl»lTs. are summed fhosj tables or slide rale 
pod entered on the computation sheet separately. 

82. IBTOIALITT. OF PIVOTS. The level is set up ton a pier or other firm 
support where it is protected from air currents and from sudden changes 
of temperature and the babble brought to the center. The telescope is 
changed end for end in the f's.and the babble read without reversal. 
The out of lev el, if any, must be twice (within the errors of observation) 
the inequality of pivots referred to the supporting T*s. ,or 4 times the 
error referred to the telescope ajde en the basis of circular collars. 



*ft«tVi v,. 


.,*. >.«.„-■» 


NVu> 


™ saafEUA-w, 






^tLSk 


\ay* 


~^3 


A 


"i. 


i.i- 


-Al¥ .,„ 


•»*, 


E 


A 


■«» 


"l* 


T " 


in 


















IV 






w 


fc 


£ 


i* 


"," 


- '»- ■■" 


-•a 


























£ 






iU 










HI 
































£ 














R 














































* 
H»J Ten >>■«■»«?> tc 


■♦V 


ro^A^kvCv 


"*"■ '."> 



»pa ails, Srs ead large * 



Referred t^-bciniv|q cm.a f . 

paction to rod reading negative 
5,3.1 If the collars ara 10* apart a 

the t supports or.l level legs are 00 . 
lars in inches tor the value 11B2 given 
B3. BOD QJRHBOTIOS. For the paraffin 
•oala is naed.the temperature a 
or comparison iritb a standard. 



* E82. (Sor- 



t which I 






slide 



led for t 



for (tie Kern rod *hicn cnani 
temperature the actual error 
to day by comparison »iLh a 5 
tlon applied if appreciable, 
Rjr tne Preach rod the paper 

for length. and for changes in length 
as denoted by the A and B readings, 
this- ia accomplished by comparing the 
rods # i th a standard and at the same 
tiae reading the scales A and B. The 
scale corrections are platted on 
cross section paper as ordinatea with 
rod readings for abscissas and the 

log line M- also dri*o through the 
origin, vhicn separates the correction 
into S parts^one proportional to the 
rod reading and the other a local 
scale correction. It is assumed that 
only the first is affected by a 
change ia tue Length of the rod 

To obtain the corrections graphical- 
ly, the straight liae correction. say 
160*--per 1™ for a + B  185, is laid 
off on a vertical froa D.Fig.W.to 
a scale 15/1. an oblique line is 
drann through D and these corrections 
projected upon it by horizontals .anil 
the corresponding rod corrections 
narked. If the rod should expand or 

-'--par meter, the inclination 



las length nith 
Jer unif. length 
.andard tape and this 
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of DP can be changed so that the projected length corresponding to the 
1st. meter shall be 1*~~ longer or shorter than before, when the cor- 
rections- will all project into their new values. 

the cosines'of the w*w~ inclinations of DP for ralues charging bf.l*~ 
will thus differ by unity for the radius 150. /.describe an arc with D 
as a center. lay off the different angles found from the cosines starting 
from the vertical and mark the corresponding numbers for A + B.startmg 
with the highest expected in the field work Then with the scale correc- 
tions as radii and the % corresponding points on DP as centers describe 
arcs. Horizontal tangents to these aires will give constant values to 
these projected scale errors. while the straight line correction will de- 
pend upon the A and 8 setting. 

The corrections for the other rod are placed on the same sheet with 
the center at G. A celluloid sheet is ruled with 5*™* lines .to the 
scale 15/1. and kept in position* by the strip II. 

To take out a correction for a set up; set each arm to the correct A 
,«4- B; slide the celluloid until the zero coincides with rod II read- 
ing and read the scale for rod I reading. Thus if ('A -*- B), * 135; 
(A *+' B) x  118; the correction for a back sight reading of 2.0 on I 
and a front sight reading of 1.5 on rod II would  + 102*™**. 
84. ACCURACY AND COST OP RESULTS. The authors of Lever des- Plans et 

Nivellement estimate the probable error for a set up with the French 
Gov. level for sights 75 m long as follows: 

1. Brror of level. The eye can detect a difference of l/2 mV ln the 
readings of the ends of the bubble with the Subdivisions on the tube. 
This gives a probable inequality of about B*"~or a probable out of 
level of i*""*: This would give the same uncertainty for a rod reading 
at a distance equal the radius of curvature.or 50™, or 1.5*""^t 75' m . 

2. Brror of estimation, frith a power of 25. the centimeters of the 
rod at IF* appear of the same size as millimeters at 0.3r Under ^^ 
these conditions tenths- can be easily estimated with a probable errSr^* 
0»38* m ' m . giving 3.3 aww,, Vhen referred back to the rod. 

3. Errors due to temperature changes. Bxperience has shown these 
to be as- great as No. 2. 

Combining, the total for a reading. 

r -V(1.5) x + (G.3V+ (a. SlT  5*~"~ 
For a set up/T.P. to T.P.. 

r'. « vr* + r v  r n/2 

fith 75 Tn sights- there are 6 2/3 set ups per l x .while with the 4 ob- 
served differences between each pair of T P's would give the resulting 
probable error per f* . 

r* » r V2 x *. ee/4 - m*"*™ 
wnich agrees with the results found for the fundamental French lines. 

The above supposes- all constant or systematic errors eliminated by 
the methods« of observation or by applying computed corrections. 

The principal constant errors recognized are: 

1. The variation of gravity with latitude. This results in making the 
distance between 2 level surfaces vary inversely with g. the work re- 
quired to raise a unit mass from one to the other. or hg, being constant. 
The observed difference in height of 2 points would thus depend on the 
height of the line of levels run between them. Heights above sea lev- 
el obtained by- direct measurement are called orthometric, obtained on the 
basis- of work done in raising a unit mass.dynamic; the differences are 

usually within the errors of observation, but in rugged, country they 
may be greater. For full discuseion see Helmert Hohere Geodesie. or 
Lever des Plans , « • 

2. Variations of refraction with height of line of sight, with charac- 
ter of ground surface over which the line passes.and with the time of 
day. In ascending or descending long grades this becomes cumulative 
and may* easily exceed the accidental errors unless short sights are 
taken. 
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3. Change in height of instrument or T.P. due to settlement or spring- 
ing up of groand. This has long been one of the reasons assigned for 
greater discrepancies between line3 ran in opposite directions as com- 
pared with those ran* in the same direction. 

4. Change in collimation and level error due to heating the end of 
the telescope nearest the son. "Shis is the principal reason assign- 
ed by the Coast Survey for the change in method introduced in 1899. 

In Proc.Am.Soc.C.Bngrs,7ol.36,p 888. the pro b. error per kilometer is 
given for some 1900 miles of Q.S'.C.ft 0. levels averaging 1.07 n> . t and for 

some 1500 miles of U.S. Bngr. Corps levels averaging 0.637"* These ap- 
parently are from circuit closures. 

In oheokinrg forward and back between benches the limit = ^vkilometers 
as already stated. 

The cost is estimated by D.Uolitor (^Pro.A.S.C.fc, 26, p. 897) at $24» 
per mile for a double line with permanent bench marks about 0.6 mile 
apart. 

On p. 1160 it is stated by Hay ford that the total co3t of the 1899 

work of the C.S. wa3*13.55 per mile. 

Seven minutes per station is given as about the average time, for the 

3ams (C.S.) work with a record of 111 stations in 9 H SO** on June 20, 
tfita 40** to 80 w sight3.and of 10.3 miles July 14 in 7.4 hours with 80** 
to lUD^ sights. 

85. DATUM. Mean 3ea level i3 the ultimate datum to which all land 
levels should be referred. It can be obtained approximately from the 
mean of twp consecutive high tides. and the intermediate low tide, for 
more accurate results. a permanent bench mark and a tide gage should 
be established and readings taken for a semi -lunation .or longer. 
The zero of the tide gage should be occasionally referred to the B.M. 
to guard against disturbance. 

The yearly means- of six year's observations at Sandy Hook, with a 
self recording gage. gave a mean which has a probable error of 0.031 
feet; the lowest mean 1876. being 0.168 below. and the highest. 1378.0. 177 
feet above. 

c a a p t a 8 7. i. 

TOPOGRAPHIC AND 3YDR0GRAPBIC SURVEYING. 

86. T0P0(3APBIC-S0R7SYIHG. The problem is usually to collect the 
greatest possible amount of reliable information for a given expendi - 
turs wfcich shall at the same time bring out the characteristics of the 
entire area with a detail proportioned to their relative importance* 
and the objects* in view. 

ffhile the methods are mainly those of ordinary surveying. the young 
topographer soon learns to distinguish the difference in accuracy and 

detail required for an exploration survav and a survey of valuable 
property for the proper study of proposed improvements. In exploration: 
surveys* check point3 are obtained by observations for latitude and lon- 
gitude; in more detailed surveys covering considerable areas the best 
results- are obtained by starting from triangulation points. only a few 
miles apart. whose positions are known both horizontally and vertically. 

Method with transit ana stadia; plane table and stadia; preparation 
of plane table sheet; n-point problem: Colvin's take meander; baromet- 
ric heights; aneroid profile; As h barter' a method with aneroid; photo- 
graphic methods ; sketching. Only such details should be taken as will 
show; when plotted to scale- Small distances which can be estimated as 
clo3ely as they can be "plotted need not be measured. On the other hand, 
mis takes. omission 3. inaccuracies. etc., which are not noticed by the inex- 
perienced who have been over the ground, show themselves when the map is 
put to use. or are often picked .oat, and the map condemned by some- old 
resident who is familiar with the particular locality. 

87. HYDROGRAPHIG SURVEYING. River SllEZfil*. For the best results a 
triangulation should first be extended along the river valley. and con- 
venient points established for the detailed survey. Otherwise. points 
can be fixed by latitude and longitude observations. Poc a small stream 

a *y averse line can- be run along shore, the width can be found by di- 
rect measurement. by stadia. or by bearings from tw-o stations on oneiWre 
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to a point oo the opposite shore. If the balks are impassible the mean- 
der line can be ran on the water.asing a boat.the distance* being obtain- 
ed with a 'long chain or wire, or by stadia. 

Depths. cross-sections, character of tbe bottom.?elocity of the current , 
volume of water. rate of its surface 3 lope, and high and low; water marks 

are often important. t .„. . ... 

Por a navigable stream. the traverse line may be run with a steamer wnioo 
may be steered by a compass or by 2 points in line ahead. The direction 
should be changed quickly so that the course will be made up of a series 
of straight lines. Distances along the line may be measured with the 
log.anchored lo£,or buoy and nipper. Bearings should ibe taken to side 
objects by an observer on deck from two or more positions, and the time 
of each noted, fhe sketch must, of course.be kept up as the vessel, pro- 
ceeds. If some distant prominent object can be sighted frequently it 
will serve as a check. on the bearings.. Soundings may be taken with a 
common lead, unless specimens of the bottom are required. 

Two boats can be used in place of the steamer. The distance between 
them may be found by the angle subtended at one by a mast of known 
height at the other. 

If triangulation points have been established. the boat's position can 

be tied to them as often as desired by the H- point pro blew, or by taking 
cuts to it at a given signal .with transits at 2 or more stations. 11 

approximate latitudes and longitudes are the only cbecks.only rough work 

can be expected. 
In all field work the day's notes should be carefully looked over at 
A rah t, and plotted if the work is to be plotted. so that all mistakes and 

obscure parts can receive attention while the notes are fresh and the 

parties still in the field; also the better to lay ont the remaining 

work with reference to that already done. 

take . harbor . sea coa3t . surveys . General methods; methods of locating sound- 
ings. A tide gage should be established and records kept so that all 

shallow soundings can be reduced to low water. ?he position of the chan- 
nel; charactar of the bottom; depths; and for approaches to harbors,viers 
of the shore as seen from different points with "ranges" and angles be- 
tween prominent objects; are usually required. 

Lead w.ith tallow for specimens of the bottom. Sand's special cup. 
Brook'* specimen cup. Ericsson's lead. American method. 32- poana shot . 
not recovered. A wire is used for the line in very deep soundings, and 
toe instaat of striking bottom is determined by the change in rate of de- 
scent. Miller-Oassella thermometers for deep water temperature. 

8%. FIELD COMMUNICATIONS. With several parties in tbe field.it is some- 
times very convenient to be able to cummunicate with each other. 

Tae Morse telegraphic alphabet is usually employed. For long distances 
•he heliotrope is used for flashes. the parties having orders' to ratch for 
Signals at a certain hour each day. For short distances a flag is used. 

CHAPTBR HI. 
PIGCTR8 OP fH8 BABTH. 

89. MERIDIAN SECTION. COORDINATES OP POIHT. In reducing geodetic da- 
ta the earth is usually assumed to be an ellipse of revolution. The 
dimensions given in Table 1 best satisfy the degree measurements which 
had been mads up to the time men they were derived. 

In the meridian section, Pig. 67. through K: MH e N; MG s n: MGD * geographic 
graphic latitude s L: VCD = geocentric latitude * L»: B m s radius of 
curvature of the meridian: x ana y - coordinates: a and b * semi-axes. 

The equation of the ellipse is 

xVa x + yVb* * 1 
or b x x* + a*y % * a x b v (a) 

Differentiating. 

2x dx/a* * 2? dy/b x » 

or. dy/dx s -x bV(y o» (b) 

Prom the differential triangle, Pig. 67, 1 F^7 




6? RADIOS OP CURVATORB (%91.Pig.67, 

dy/dx « -oot If  -003 L/sio L (c) 
Squat in g («) and (h), 

b v x/(a x y) * cos L/sin L. or b*xV(a*/) « a x oo3*G/(b x sio 1 L) (d> 
Prom the defiaitioo of eccentricity, w\ r a k( j . e \) 

Substituting in (a), 

xKl-e v ) ^ y*  *><l-e x ) (e) 

Prom (d), *Ml-e x )Sin*l -y*cos*L »0 ( f ) 

Ifcltiply («) by cog*^ and add t0 ( f )^ 

iMl-eM (oos v L 4 sin x L -r e*sinH) » a v U-e*) cos x L 

x* « a x cos* 0/ ( l-e*s m* L) ( 42) 

Multiply (e)' by (l«e i )sin 1 L and subtract (f), 

7 *x aM'l-eM x sio x [i/(l-d v sin x [.) (43) 

Ritting l-e' w sin 1 L s r* 

x s a cos L/r y * a(l-e v )sin L/r (44) 

90. PB IN CI PAL RADII OP CORVATORB. Since arcs subtending the sane angle* 
are to each other as their radii. the radius of curvature of the meridian. 

R^« ds/dL » -(l/sin L)(dx/dL) 
Proa (44). dx/dL K-ar sin L  ar" 1 e*sin L oos*L)/r* 

Substituting. *- ■(l-eMsio L/f* 

B^ « a( 1-e*) /r* * a( 1-e*) /( l-e*sin* L) v% C*i *) 

The section by a plane through the normal Ml and X to the meridian is 
called the prime vertical. It is tangent to the parallel of latitude at 
M and its center of motion, or of curvature. is on the axis' at H as the 
point M moves past the meridian plane, .'.from Pig. 67 and (44). 
Radius of curvature of prime vertical B normal ending at minor axis, 

H s x/cos L = a/r (46) 

Dividing (46) by (45). 

S7IU- rV(l-e^) (47) 

Tnis ratio is often of value as indicating the deviation of the surface 
■at any point from that of a sphere. 

For L  0* l/R^ » 1.0067 L e 45 # B/R^ « 1.0034 

16 1.0053 60 1.0017 

» 1.0050 90 1.0000 

The geometrical mean of H and RJ.s taken for the mean N radias of carva- 
ture at the point, i.e.. 

Mean radios of carvatmre, R »vTTH^ (48) 

Radius of parallel. 

R,» x  a cos L/r « B cos L (49) 

Normal ending at major axis , 

n e y/sin U * a(W")/r (50; 

Geocentrio latitude, Pig. 67 

.-the pole tan L ! B ^ /x mil ' e%) tao * < S *> 

(l-L, varies from 0* at the eouator fcfi' 4 o" ia latitude 45°and 0* again at 

91. RADIOS OP COHVATURB FOR A SIVfiN AZI1DTH. A plane through the normal 
MQ cuts oat an ellipse. Its equation is found by expressing the coor- 
dinates of a joint in the equation of ltie surface in terms of the co- 
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orainates ot the carve, Pne equation of the surface is 

a*2 ,x * t x (x A * y* • a x b x fcO 

Por the point P, 
x* ^G+GR-NA'Ne^CM L+yco3 £*-x cos? sia L 

y' • PN * x sio z 

/ H RQ  01  y sin L +2 cos 2 cos L 

substituting in (a) and using for b, y F . k% 

x x ('l-e t (l-003 x 2 003*0))+ y*(l-e x C08 x L) + iy(2 e x sin L cos L cos 2)- 
2x(l-e x )Ne x cos L 3in L cos z+y 3e x ( l-e x )8 cos x LKl-e x )(a>*MV*cos x L) 
or, A x*+ By x + C*y *te * By • F 
Sy Pormula 36} R^ • • (1 +dy*/4i x j i/x axVd v y +<■»♦£) 

« <(l-eM(eia*-B + 003*2)+ e*cos x z( I-siD x L)/H(l-eM. (R^ /RJ 



• - (8^sin x z + N cos 1 ' ah/I k\* 
or,R x  N Rn» /(« cos*2 f R m 8io v 2) 



(52) 



If 2 • ,8  iB B /8 s R B ,the radius of curvature of the meridian. 
z * 90. R*» "N EL/R<^ M, the radius of curvature of the prime ver- 

The geometrical derivation of R* is simpler. 

.In Pig. -69 draw a tangent plane at M and a paral- 
lel plane at the infintesimal distance c from it . 
The latter will cut an ellipse as shorn in plan . 
The 3 points B If ET. are consecutive points in the 

prime vertical or 3 points in the circle with 
radius N. 9imilarly for the meridian with ra - 
diets of curvature R^. Hence if a', and bf. denote 
the semi -axes of the ellipse through B ff. and 
8 the semi-di******* making the angle z *ith the 
•meridian, 

a'V(2N) * c = tf x /2R m ) * aV(2R z ) 
a; x » s*»/R a b x * 3 x BjU, ."..». (a) 




s*2 » » • »• 

The coordinates of C are, x  s sia z and y s s cos 2, 
Substituting in the equation of the ellipse, 

« k sin a 'x/a'. x  s x cos x z/x>* 1 

Prom (a) R x sin x z/d * R^03*z/R^* 1 

or S a » NfyfCR^si^z + H cos*z) . (53) 

Table V. is computed from (oS) 

92.LBH<2Ta OP I'BRIOIAH ARC. 3ince S m changes alo*ly nith L,for arcs -of 
!• to 2», 



ds  Rd V sin r 
o 



l^) 



* ft ere W is* in. seconds, and B«wjis for the middle latitude. 

Por long area (54Lyust be integrated. Substituting the value of B^. 

ds V(l - e x Kl - eSi^LTVr By ft>rmttU33l, 

ds -a(l-eM(l +(3/2)e v sin*L+(l5/8)e" , 3in M I*+(35/12)e t 3in 4 L)dL 
3 • a(l-e x )iiU+(3/2)e x sin v L+(15/3)e ,| 8io , 't.+(35/16)e 4 3in c L)dL 
By Formulas lfl and 12] . 

siD^L » (1/2)(1 - cos 2L) 
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sin^L * (l/3)(3-4 cos 2L« cos 4L) 
y rornw a J. ^.^ ^ ^^ ^^ ^ (i/32)(l0-15cos2L+6cos4L-coa6U 

Substj, tuiing and putting 

A * l*(3/4)e**t45/64)e' , -Ki75/256)eV. * 1.0051093 Log.  0.0022133 
B = (3/4)e*H15/15)e' , H525/51£)e t ... • 0.0061202 * 7.7092B7 

C* ( 15/ 64 )e M +(105/256)6* »'0.0000109 -5.08342 

D  c " (35/512) e* * 2.326 

s s a(l-e v ) / C U-B cos 2L + C cos 4L-D cos 6b v ,.Jdb 
-■ a(l-e x MAL-U/2)B sin 2L+(1/4)C sio 4L- (1/6)D sio 6L...)|f 
Substituting tbe limits, and putting L"-L' s0 ( # L"*[/=B.»e have by Formula 

®> s s ( 1. 4895389 K"-(4.511036)sin<* cos»+( l.a34i4)sin2*cos2& 

-(8.651)sin3*cos3B (55) 

■here s is in meters and* the numbers in parentheses are the logs of the 
constant factors, 
gouation (55) is correct fdr 7 decimal places. If more are desired. the 
next term tor A is ( 11025/ 16384)e»;for B, v2 205/2043)e*;for 0.(2205/4090** 
for 0. (315/ 2048)e*. while an B term is adoed  (315/ie384)e\ 

93. ARK AS ON Ida bLLH-SOID. Dividingthe surface into frustruos of cones 
by Lbe parallels: aidtb : fijlL; circumference * 

2*N cos L. Differential area. 

'dA « 2nNR w cos L dL (a) 

Substituting for N and R^ from (45) and (46), 

with b* for aMl-e v ). 

dA  2nb*cos L dL/(l-e 1 sin 1 L) x 

By Formula 32) . 

( l-e x sin 1 L)" 1 * l*2e v sin x L+Se^sin 1 L+4e c sin* L 

+5e*sin*L 
Substituting. the expression to be integrated 

5 cos L sin*L dL * (lAn+l))siff* f L * 

ahich gives, g 2bVCsifl L + (2/3)e*sin*L  (3/5)e"sin*"L «4/7)e*tiP L+£ 
£ * 2bV(sin L M - sin V + (2/3)e*(Bin % L M - sin*L') + 

(3/5)e M (sin*L"- sin*L)  (4/7)e 4 (sin?L" - sin^O* ) (66) 

To put in convenient form for computation* 
sin*L s (3/4)sin L - (l/4)sin 3L 
sin»L * (5/3)sin L - (5/16)sin 3L + (l/16)sin 5L 
sin"»L * (35/e4)sin L - (21/64)sin 3L + (7/£4)sin 5L -(l/64)sio 7L 
Substituting in (56), »e have. by Pormula 8] .with L" - L* « 2Yand £/+£/ «2*, 
- A c = 4bV(B sinv COBS' - C sio 3Ycos 3S+D sin SYcos 5^-S sin 7Ycos 7$.£(57) 
 aere b s l+(iy2)e % +(c/8)eM5/16)e c *(35/123)e*' '-1.0034016 Log=0. 0014749 
C= (l/e)e v *(S/16)e' , +(3/ie)e t +(35/192)e*--O.00li5eS 7.0556S 

D* (S/80)e* 1 *(l/ie)e t -»(5/e4)e % -O.00C0017 4.2304 

f* (l/112)e'+(5/256)e % «0.0000000 

Fs ( 5/ 2304 )e* =0.0000000 

If (57) be divided by 360 and L"-L*  2v« l°,the area for 1° sauare. 
t*(b x tr/90)(B sin 30' cos$-C sin 1°30' cos 3$+D sin 2°30' cos 55 

-fi sin 3°30 / cos 7S--> (56) 

The values of B.C. etc.. should be carriea to more than 7 places tor ac- 
curate results 4ith the Clarke ellipsoia.altnougb tne above values are car* 
ricQ as tar as as tne data mil warrant wneo applied to the earth. 

94. SRtaoiCfcL tiXC&SS. In Legend re's tneoreoj it is proved that in a spher- 
ical triangle whose sides are snort compared with tbe raaius R of tbe 
sphere and a plane triangle with sides of equal length tbe corresponding 
angles Oitfer by ihe same Quantity wbicfc j..s ooe-Lhicd the spherical excess. 

Let A.B.6. « the angles of the spherical and A'iE'.C. those of the plane 
triangle: a. b # c # ("^mea8ttre)and a'.b'.c'..tbe corresponding! sides:aF s a fbR 




a; 



2q.50.) 



EPPECT OP SSIGHT UPON HOR. ANGLES. 



b' 



oR 



**$ 



Tiane triangle . By Formula 2l), „ j**. %. v .* «,• a * * 
6 ~ cos A'T?+o t -a v >t2bc|j.R 1L /B x ; UJ 

By Form-l], sin x A' «l-cos*A' -feb x c K -(b v +o v -a xV ) k )/HV v O)(RVR s ) 
or. sin^A'^a^b^a^-^b^-a* 1 *- b'-cl/^c^ ^b; 

Spherical triangle. By Fori. 27], 

p „ -.,-n . u i B cos.A-Mcos a-cos b cos c)/sin b sin c 

ty r.lcJj and 14J.. .( 1 . t i /a+a H /% .(i-b x /2*b n /24Ml-cV2+oVa4;) 

/lb-tf/flMc-o»/6j 
c Cl-a^+b x +c x ;/2-^b M +c ,, -a H ;/24-b x cV4i)/[bcU-U x +c^;/6) 
-(Va^+b v +cv;/2-U M +o ,1 -a , *^24-b x cV4)Cl+^b x +c x ;/b;^oc 

^((b^+c^-a^)/ 2+U H +° H+2bV o V -a v c x -a v bV/ 12)7 Vc 
-lb" 1 +c H -a"« +6b v c*jr24bo „ ( c ; 

From la) and (c), . ., ,-,-., . -v., 

cos A - cos A' - 1 1/6) be sin x A' {&) 

Since b and c are very small, the difference between A and A' must oe 

small. Putting this, difference  x, , _ „ 

cos i  1. sin x s 3T sin 1 

cos A - cos U'+xJ, by Form. 4], .„ „ „ . .. 

* cos A y -x sin 1 swA; p'y icJ, 

. A , /A , ., -cos A'-il/6)bc sin v A 
* oc sin A'/ 6 sin 1 _ • . . _ — — •*• 



If b and o are iu units of length on the 



or x 

where b and c are in TC-measure. 

sphere of radius R # M . . . „. J - . , „. . - 

x - - bo sin A'/ 6 R x sin l"-area of triangle/ 3R x sin 1* 

The same can be found, for B-B' and'C-0' • 

Since the areas of spherical triangles are to* each other as thiw spheri* 

cal excesses, we hare from the trirectangular triangle,.excess$P°, 

Spherical excess in seconds. s. -area 2 90* SeOO/TrR^-.Sbc sin A'-/B x sin 1* 

Comparing this with (e), % 

Spherical excesses.- 3x ^.5bo sin A7R x sin 1" (59 j 

or, s • m bo sin A* (60) 

irhere m - .5/R x sin 1".- .6NR^in 1" by (48).-and is given in Table VI in 
metric units. 

95. EPPECT OP HEIGHT UPOH HOBIZONTAL ANGLBS* Tae observer at A Pig.*7l 
at sea level sights upon U at the height h &r above at B  The vertical* 

Blane of collimation at A projects* 
to B on the line drawn to -£U 
irhere the normal at A meets the 
axis, while the true Drojection 
is at B'. on the normal MH U to 
the surface at M. This makes 
an error x in the horizontal 
angle at A due to the height h. 

First to find the angle be - 
tween the two projecting lines 




riqjfix. 




Pi^.ii 



at li. In Pig. 72 let C be the intersection of the normals at Id, and Mi. 
both in the same meridian. If As is small C Trill also be the center*' 
of curvature for the arc M, M v and 

As- = rj^l (a) 

If Mi C be produced to meet the axis at H. ,and the reduced difference 
in latitude M,H,M X be called At/ (M, H, = M) 

As s NAL' (b) 

Prom (a) and (b), AL/AL' = N/B 

m 

Bat»f-A[i *M/ «AL(1 - hl'/tkh) »AL (l - /^/N) 
Prom the values of R*, and N,(45) and (48), 

B^/H - (1 - e*)/(l-e*sin*L) 
Substituting,* =AL (l-((l - e*0/(l- e x sin* D) 

-Mi e*-oosH/(l- e x sinMi) 
?rom Pig.Vl^AL = - k cos a.nearly (lat. s dist. * cos of bearing) 
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S»-k e*cos*fc cos z/(l-e*sin x L) B 

 

— ke*ooi % fc cos z/(l-e*)N 

BB'  h£ » - h k e*cosH oos z/ (l<e*)H 

The corresponding horizontal angle error at A in tr-measure, 

X «-BB' siir z/k * h e*"cos x L sin z cos z/(l-e K ) H 

x* * h e x cos x L sin z cos z/(l - e. K )*l sin 1" (6ljt 

This will be a maximum for z * 45°. If L also  45°, 

x* = .000055 h (62) 

where h is in meters. 

Por a height of lOOO 1 * this would give 0."05. The orobacle error in the, 

value - of a primary angle is seldom less than 0?25. so that tne above cor- 
rection would be negligible except for very high altitudes. 
96.. TRIANGL3 SIDi COMPUTATIONS. The triangles of a triangulation are 
strictly spheroidal, but by 595 the 3 vertices of a triangle can be pro- 
jected down to sea level by lines drawn to the center of a sphere tangent 
to the ellipsoid at the center of gravity of the triangle and having N/nh^ 

for radius. only affecting the horizontal angles within the limits of the 
errors of observation. 

The sides of these projected triangles have the same lengths, within the 
errors of measurement, upon the tangent spheres as upon the ellipsoid* 

The triangles can thus be considered spherical, and by Legendre^s theorem, 
computed as plane by subtracting one-third the spherical excess from each 
spherical angle. 

In simple systems. and where tne greatest accuracy is not desired, if the 
sum of the observed angles in any triangle does not equal 180° + s,or the 

sum of those about a point 360°. the error is distributed equally among the 
angles, or sometimes .inversely as the number of repetitions. 

But in complicated systems, or where extreme accuracy is desired. the er- 
rors are distributed oy least squares. 
The following is a convenient form for computation* 

Base 0= 6410.66 ft. 
w e 

0« 0* 3.8069028 

Sin A 1 ^ 9.9907935 

3.8161093 3.8161093 

Sin Oi,.... 9.8593280 Sin 0; „.*. 9.9156182 

3.6754373 3.7317275 

A = 4736.28 A « 5391.72 

we ww 

3.6754373 
Sin Aj 9.8135605 

3.8618763 3.8618768 

Sin 0\ * 9.9999957 Sin A*, 9.3819486 

3.8618725 3.7438254 

A A - 7275.66 A * 5544.03 
we we 





^.IM. 



cbaptsb viii. 
geodetic positions. 

97. DIPF3R3NCS OP LATITUOS. It is usual to find the latitude and the loir- 
gitude of one or aore of the triangulation stations by astronomical obser- 
vation, as also the azimuth of one or more of the 
sides, and from this data to compute the positions 
of the other sides* 

In frig* 74 # & is tne P° le °* tQe ellipsoid and P 
that of a taagent sphere. The latitude of A and 
the azimuth z and distance K to B are given. 

Since k is always small, its subtending angle being 
usually <1°, we have by Maclauri n 's theorem, Formula 
33], L'  fCm) - L + (dL/da)a  (d v L/dm v )mV2 
 (d*L/dm*)mV3  

In- the differential triangle PAB'„ Formula 27], 

cos PB'*cos PA cos AB'+sin APsia- AB' cos PAB'^or 

sin (L+ dL) s sin L cos dm - oos L sin dm cos z 

Expanding the first member, 

sin L + dL oos L  sin L' -da cos L oos z;or dL/dm  - cos z (a) 

d^L/da*" (-d cos z/dz)(dz/dm) * sin z(dz/dm) lb) 

Formula 26), 

cot PB'A » (sin AB'cot PA - cosAB'cos PAB'J/sin PAB' 
cot(z+dz) ' * (dm tanL + cos"z)/sin z 
sin z (cosz - ds sin; z)" (sin z+dz cos z)(da tan L + cos z) 

sin z cos z - dz sia v z  dm sin z tan L + sin z cos z + dz cos x z) 

ds/dm * - sin z tan L- (c) 

F-r«mtTr\ d 1 L/dm v  - sinr\s tan L (d) 

d^L/dm 1 fc d(- sin x « tan L)/dm 
« - 2 sin-'z cos z tan L(dz/dm)*sin x z sec 1 L(dL/dm) 
 2 sin*E cos z tan*L  sia 1 z cos z(l  tan x L)/)y (a)and(c) 
« sin*z cos x (1 + 3 tanH) 
substituting in: 33}, 

L'.-L  • m cos z -!>(feV2)8iD x B tan LJaVOtaio^B cos z(l+3tan*L) («:») 
there L'.-L and m are initiDeasure. 
Por radius tf, m * K/8 and, 
L'.-L - - (Vl)oos- z -(HV2N x )sin*z tan L +UVa**)sin*z cos z(l+3tan k L) 

If the center of the sphere is taken at Ha. it will be tangent to the ellip- 
soid at A so that I will- be the same for both, as also* X and z. The Linear 
difference in* latitude sill therefore be the same" for each surface, i.e., 

tL*-L)ff  AL sin l"»R m , or AL KL'.-DM/B^ sin 1" (e), where AL « differ- 
ence in latitude in seconds for the ellipsoid, and 8^ is for the middle lat~ 
latitude. 
Substituting, 

-AL - (K/E^sin- l*)oo» z +(*VlHB in sin 1") sin*z tan L -(k*/6N^,sin l")x 

sin* z cos «(!♦ 3 tan*L) (64) 

•« 

It is inconvenient to look out R m for the middle latitude which is at 

first unknown* If Bu is used the resulting difference in* latitude £L will 
be ohanged in inverse ratio* to the radius, by- (e),i.e., 

AL : SL :: B t : R m ox. 

AL «*LlB r /H ) -SU> 1 -(B. - ffJ/R ) ■" fWH- dB /B *) 
b m * *•" b mm 

i.e., the true value oanr be found by subtracting £"LdB /B from the approz- 

?&lQe# ' to 

Proa (46), B^ - a(l H 8 )/U .- e sinT.) 3 ' 3 
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dR w « a(l - e x ) 3 e x sin L cos L dL/U - e x sin x l*f x 
Since dR^is the change from the starting poiat to the middle latitude, 
dL/sin 1*  SL/2. :.SL d£^/R w * 3 e*sintcos L sin l"{flt/2{l - e*sin x L) 
Placing D * 3 e*sin L cos L 3in 1*/2(1 - e sin L), 

The corrective term « IfL^D (65) 

If B * 1/R„sin 1" ; C * tan L/2H R^sin 1"; h « 1st. term of (64). 
which reduces the 3rd. to h >Csin x z(l * 3 tanMi)/6N* 
With S • (1 + 3 tan 1 L)/a« x . 164) finally becomes, 

*.AL * VS cos z + \C*C sin x z + tfL ) x D - h k x B sin x z (63) 

B,C,D and & are given in fable IV, the anit being the meter* 
For secondary triangulation the 4th. term can usually be omitted. 
93. DIFF3R3NC3 121 LOSGI'IUDS. By Formula 28, 

sin AM * sin- m sin - z /cos L' 

Referring to a sphere tangent at 3,iTs center at H v .z.L'k and AM are the 
same as for the ellipsoid, while m B Vtr. 

ain-AM « Vsin z/8'. cos L' (67) 

It is more convenient to assume 

AM s AK sin z/ cos L' (63) 

where A * 1/N'sin 1' and correct for the difference between- arc and sine. 

Formula l!f) sin x - x - #3 ...'  x (1- xY6) 

Formula 37J, log x - log sin x s M x*76, where M B modulus of the common 
system of logs. 

logUog x - log sin x) - log(M x*«76 sin* 1*) « 8.2303 + 2 log x 
for AM, logUog difference) = 8.2303 + 2 log AM* (69) 
For m * k/N'sih 1*, using an average value (8. 5090) for log 1/i". sin 1* 
or log A, 

logClog difference) - 8.2308 + 2 log k + 2 log A= 5.2438 + 2 log k (70) 
Placing ,8.2308 + 2 log AIT = 5.2433 + 2 log K 

log \- log AM* * 1.4910 for the 3 a me log difference (71) 

The correction- for log K is - and for log AM « +. The values ara 
given in Ta\>le VIII. 

99. 00ilV£R33NC3 OF MSRIDIANS. Formula 23], 

tan (A + B)/2 = cot(C/2)co3 ((a - b)/2) /cos(fc + b)/2)) 

Substituting, Fig. 74, 

cot(Az/2)« cot(AM/2)cosfcL - L / )/2)/(sin{lti +L')/2)) 

or, tan(Az/2)= tan (AM/2) sin^L -K/J/2)/(co3(L - L>)/2)) (72) 

Formulas 173 and 153, 

Az/2 * tan(Az/^-(l/3)tan*(Az/2);tan(QM/2)»(AM /2)+ ( AJ*2?/3 

substituting in' (72), 

+Az « AM sin C^/cos AL  (2/3) ( AM/2? (sin E^cos AL - sing[c3s*AL) 

or with, Az and AM in seconds, with co3 AL - 1 in the corrective terms, 

-Az* S AM* sin L 7co*AL +( 1/12) ( AM*)* sin L cosH sin* 1*1 

mm y/^ 

- AM* % sin l^ /cos AL + (AM*) 3 P * J 

where F  (l/l2)sin L w cos* U^ sin* 1* tabulated in Table IV. 

The inverse azimuth, 

z' « 180° + z - Az (74) 

For forms- of comoutation see U.S.C. & 3. Report 1894 o. 287. 
The adjusted spherical angles must be taken and not tne olane ones used 
in computing the triangle sides. For each triangle, starting from the known 
8ide,the latitude and longitude of the required point must be the same com- 
puted from each of the two sides, while the inverse azimuths of these two 
sides must differ bv. the third anele.thjs cnecking the work*. 
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100. POLfGONIti MAP PROJECTION. This projection is the one most gener- 
ally used in platting geodetio and topographic surreys* It supposes each 
parallel of latitude ta be developed upon its- own cone, the vertex of whiou 
is on the axis at its- intersection with the tangent to the meridian at 
the parallel* 

The side of the tangent cone , or radias of the developed parallel, rig. 75, 

r  N cot L (75) 

If an arc of the parallel sabtend the an- 
gle AM before development, and" after develop- 
ment, 

6 « AM R > /r * AM S cos L/N cot L « AM sin L (73) 

The radii of the developed parallels are so 
great that the parallels- are plotted by ooop»»*. ;,. 
dinates. 

N cot L sinlAM SinL) y (rr j 



x s r 



T ~ 



sine* N cot L sin(AM SinL) 
x tan 0/2 « x tanisin LAM/2) 





w<i n*. 



In platting, a central meridian is- drawn as a straight line upon- the map, 

and the true distances between- parallels- are laid off from Table IX. Per- 
pendiculars, by describing arcs with a compass, are carefully dravn, through 
these points for the )£axes of the parallels* The x coordinates are 
then laid off on each lor the different longitudes- (77) from the Table • 
Perpendiculars- are drawn through these points and the y coordinates laid 
off from the Table. The meridians- join the points- of the same longi - 
tude.and the parallels those of the same latitude. 

A glance at Fig.75 will show that, starting from the pole where the ra - 
dins of the developed parallel is zero, the radius- increases- more rapidly 
than the distance from the pole, becoming infinity at the equator; the de- 
veloped parallels will then not be concentric circles- but the distances be- 
tween them will increase with the longitude from the central meridian; 
distances in latitude will then be stretched out as we leave the central 
meridian, distorting the map since the longitude iscale is constant. 

The triangulation stations must then' be plotted by latitude and longi- 
tude .interpolating between* the nearest meridians- and parallels, and using 
the triangle sides- for checks- only. 

101. *3RCAT0R MAP PR0J3CTI0N. This projection is used by navigators- on* 
account of the facility in obtaining directions- for constant bearing sail*- 
iag. A tangent cylinder is drawn at the equator; the meridional plants 
are produced to meet the cylinder in elements, and the cylinder is- then de- 
veloped. The meridians thus become parallel straight lines at dis- - 
tances- apart equal to the trum distances- at the equator. fhis- enlarges 
the scale in longitude in the ratio a/R r . 

To preserve local bearings the latitude scale 
mast be increased in the same ratio; the loxo*- 
drome or curve of constant bearing at sea thus 
becomes a straight line with the same bearing 
on the map. 

To find a sailing course between any two 
points, the navigator joins them with a straight 
line on the map, measures' the angle made with 
a meridian- and allows for the magnetic variation-. 

In the differential triangles- CCP , lcpi 

dm/ds = LP/lp * ee'/lp s a/R^ 

Substituting for ds - R^ dL and for R w = N cos- L 'tv* 1 *- 

dm  tefty* cos li)dL (77) 

Substituting the values- of R^and N and integrating between the lim- 
its L, and L.will give the distance on the map between- the corresponding 
parallels. # 

102. LOCATION OP GR3AT ARCS, It the two extremities of the line are given-, 
t'he latitude a.nd longitude of each is accurately determined by observation* 
The azimuth and length of the line can then be found by (64) and (33) re - 
taining only two terms of (64) thus, 

AL * - k cos z /l^sin l*-\03in x ztan L/gtfR^sin 1"; AM = ksin z/H'cosLsinl" 

solving for Vsin z, k sin z * AMU' cos L' 3 in 1* 
substituting for Vsin x z and solving for Vcos z, 

Vcos' z = r R^AL sin V - N' x AM x tan- h cos 1 L sin* lVSX 

oot z  -R m AL/HCAM cos L' - A JOT tan L cos L' sin 1"/2N \ 

X=N' AM cos- V. sin r/sin z J (7B) 




*n, 
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If \L is large it may be neoeseary to employ several triangles ia lacatlag 
it or so test the direction by an observed azimuth at an intermediate point. 

103. LOCATION OP PARALLELS. First to find aay point A of the parallels 
station A' as near the parallel as may be is- occupied and its latitude der 
termined; the difference between it and that of the parallel gives the **<t 
dL to move either north or sooth on the meridian to reach the parallel /or" 
in distance at sea level. ^^ p 

V- R^dL'sin 1" O*) 

If dL is large the latitude of A should be deter- 
mined by a neir set of observations on account of 
the danger of station error. 

Having one point A .the parallel can be deter- 
mined by offsets from the prime vertical AS. 
tn tie a PAB, Formula a*Q. 

tan m • tan Ml cos I. Formulas- inland irQ, ^ r " n * 

B - taaAH cos h -<l/3)tan* All oos> L »WI cos L+U/3K AM cosLjtan* I 
X - mN * If sin 1* AM" cos I +U/3)H (sin 1'AMcos »? tan* U (80) 
(Placing z s 90° in (fcM ) for the prime vertical. 

-AL" » V- tan L/ai R« sin 1" 
60 «.-AL"t^sin 1" - *>tan L/2N V81) 

Since BC varies as tf.if AB, or k,be divided into n equal parts, the ota****** 
to Uie parallel trill be 

(l/n)*BC, (2/n)*BC, (3/nf BC, •••• (82) 

Phe direction angle, P8A * 90° -az (83) 

while those of the n - 1 ordinates, assuming k to increase proportionately 
toAM.will be. 9()0 _ ^^^ go . _ 2Wq ^ -X) . _ 3Az/n _ (84) 

Jf . the parallel to be located is long AM should be divided into sections, 
and eaoh one located from a new prime vertical to avoid long offsets. 

Errors of direction' may be prevented from accumulating. and station errors 
aay be detected , by observations for azimuth and latitude at the begin* - 
ning of each new prime vertical. 

lb locating the 49th. parallel vest of the Late of the Woods .(U.S. Northern 
Boundary Survey, Washington, _1878 )astronomical observations, ror latitude 
and azimuth. were taken at points' about 20 miles apart, and the prime ver- 
ticals were ranged through with transits* SSach offset was* made up of ; 
the reduction from the prime vertioal to the parallel. increasing as the 
square of the distance from the astronomical station to the parallel, con- 
stant between stations; the difference be tweet the observed, and computed 
latitude of the dosing point made up of the station and observing errors 
in latitude and azimufch.and the aligning error, and taken proportional to 
the distance* The probable error in the position* of a latitude station 
was about 4 feet, and in prolongong a 20-mile line, about 10 seconds* 
Example 1. Required tha data for locating the 42nd* parallel between* N.f. 
and Pa. from the Delaware River ( appro x* longitude 1° 30'. S) to the west 
end of the state (appro*, longitude 2° 54 r f ) total distance 4* 24' lon- 



gitude, 

Dividing into three equal parts, we have 



AH • 1° 28' 



5280"  


Aid 




L  42° 


Log sin 1' 




4*6855749 


log(sin l" AM 008 L)> 4.83786 


AM 




3.7226339 


H 6.80536 


cos £ 




9.9710735 


1/3 9.52288 






8.2792823 


tan*L- 9.90837 


1st term"121517.8 


8.8053577 
6.0348400 


k B 12152977 ******* . 


k x 




10.1693648 


A* 3.72263 


tan L 




9.9544374 


sin L 9.32557 






10.1238022 


3533". 3.64S20 


2S 




7. 1063877 


- 58' 53* 


CB  1040.9** 


3.0174145 


90° 



89° 01' 07* 
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rue ordinates and direct ioa angles for intermediate points oan be found 

by C92) and (34). 

104. PARALGHftS BZ 30LAR COMPASS* If AC, * in In* ) 

cot z * ^(1/2} AM tan L cos I sin 1"; X^TAM oo» L slir 1" 

-Substituting, 

oot z - - * tan [i/2» =Us/2) tan 1" . (85) 

Trie first instrument point 'being upon the parallel , the solar will give the 
cscidian, fro* which z can be turned off and the next instramentvplaoed ap- 

3a i'ne 3 dif?er3ac3 in length, d, between- the north and south lines- of .a town*= 
3hip Till be the distance V between then into the convergence in seconds-, 
tbas tan 1". d « V A« tan 1" (68) 

?or long distances the difference should be found by computing the arc of 
the parallel for each latitude and subtracting* 

105.R3CTANG0LAR 3PS3RICAL C0ORDI8AIBS. Iar Bnrope. the positions of tri- 
angulation poinds nave been found more convenient for use by local survey- 
ors when expressed as coordinates- than as latitudes- H 
aad longitudes. In we rectangular system the merid- 
ian for the survey is drawn through the origin and 
a sreat circle X to it through the required point A* 

■rhe coordinates of A are x and y,and of B, r and y; 
positive to the north and east. 

The bearing or direction- angle ©c is- the angle made, 
not with the meridian through A, but with the arc AP , 
Parallel with the initial meridian (the parallel arc 
AP being J. to tlie great circle through the poles QQ )• 

•lo find taf coordinates ajtf d if ec 5 l0 , Q fl ^ifi^L <l 
from taose lt A, In the triangle A B Q tne 3 sides ^^ ^ 

are known as also the angles at GK" (x -Xl/lv ^- x s -**v*^fe. 

and M »' 90 -or). 

• for y'„ F'orm. 27], cos BQ * cos AB cos AS + sin AB sin AQ oos A ^ 7) 

sia{y'/R) * cos(k/R)sin<y/R) + sin(k/R)cos(y/R) sin©^ 
• ?or tT , Porm.26], sin Q - sin AB sin A/sin BQ 

sin((x'-x)/R) s sin (k/R)cos or/cos^y'/R) (**> 

For *'. Form. Z% t tan((A + BV2) = cot(G/2)cos((AJQ - BG)/2/cos((AG + BG/2) 

ootU*-°0/3\ - cot(U'rx)/2a) oos«y' rtf 2K/sin«y'+ j)/Zft 
taQ<(*-*')/2> * tanUx / -xy2R)sinUy / + y)/2R)/cos«y'-y)/2Pfl;. 
Replacing tne functions of the small angles by the developments in series, 
(87 ) becomes, 

y'.-T'VeR* * (l-kV2R x )(y - yV6R x ) + (k - k'/6R x )(1 - yV2R x )sinoc 

* y(l - kV2R* - yV5?» + k sino<(l - kV3 R v - y»»/2R x ) 

since y' s has a large divisor, the aporoximate value, y + k sin e^, found by 
neglecting all terms containing 1/S* can be used, giving, 

yMy  k sinc<) J /6B x « y + k Sin«+ y(-k x /2R x - yV6R x )+ k sin*f***-*A*) 

y' = y + k sin* -(3 k*y - 3 k x y sin*c* + * % sin<*- k*sin*o< )/8R x ' 

y'. - y + k sino< T (k x y cos\*)/2R x t ( k 3 sinofCOs^J/eR* C«»o) 

Proa (88), 

(x'-x)-(x'rx)V6R x -(k r kV6R x )cos o</(l-y'>/2R x )« k oos * ( l-*W***VW[^ 

For a first approximation, x^ x x k coso< 

substituting, 

x'rx * (k cose*)Vsa v + k cos<x- k*cos<v/8R x + K y'* cos«(/2R x 
or if  x  k cos* + ky' x C03«r/2R x - k*C03<»<sin*oc /8R X (91) 

?rom (S9), (<*-oc*) * (x'.-x)) (y'+ y)/2R x ' (92) 

substituting for j\ y + k sinor 

<*-<*« (x / .*x)y/& x + (x'-x)k sin<v/2R x (93) 

If k sinoc" n.and k co3°r B m,(90),(91) and (92) beoome, 
y'  y + n - m v y/2R x - m*n/6R v -» 

jf « x + a + my ,x / 2 R* - mn*/8R x - > (fin) 

^Cjloc'- ■r/R % 8in !*♦ mn/2R 1 8in_l*. or « wXj  y / J/2a*»ln ¥J 
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Por a 1 use N R m from Table JItfpr the given latitude. 

" " are the small cor - 
coordinates. 

ordinates y'are laid 

off i. to the central meridian .which enlarges the latitude scale aiiay from 
the meridian* • 

From (00), k sin«r.(y'-y) + (x'rxJVa* 1  (x'-x)* (y'-y)/8R x 

Prom (91). k cos«r-(x'- x) - (x'-x)y'V2R x + (x'-xKy'rij) /6R X 

Squaring and adding. 

k v = «y'. - y) + (x* - x)"y/2R^ + (x' - x)My' - y)/8R*) % 

+ «x / . - x) - (i* - x)y'>/2R* + (x' - x)(y' - yT/3R*) x 
= ki + (x' - x)*(y' - y)y/R* + (x'. - x) t (y / - y)V3R* 

- (x' - x)VVR* + (x'. - x)My' - y)V3R* 
- k* + ((x' - x)V3R x )(3*W -T>  2(y' - f)*-W^ 

« kj - «* - xJVaBMCviV.* ft'.  7'*) 

« k*(l - (cos*v/8BM(y* + yy'  jKM 
k * k a (l - (oos*ec/6R*)(y* + yy'.  y>) 



(95) 



irhers k # is the value for plane coordinates* 
Putting the map magnification * 6, 

6 * k./k * 1  (r* + yy' + y'> )cosV/3R* (98) 

For short lines y  y' nearly, giving 

G « 1 *yi cosV/2 R x (97) 

This becomes unity for.or* 90*,the map giving true differences of lougi - 
tude.and a naximu B( pf x + ^ fQrir . 




'%«|.l«. 
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DETERMINATION" OP THE DIMENSIONS OP THS ELLIPSOID* 

107. T3E M3RIDIAN FROM TffO LATIT0D3 DSGRSB MEASUREMENTS. These arcs ma* 
be on the same meridian, or on different ones if 
the earth is assumed to be an ellipsoid of rota- 
tion. The arc s is measured, as also the latitudes 
of its extremities for each case* If 

L x - Ch« AL; (L x + L.)/2 « L; L M - L^ = AL'; 

(L H + Li)/2 -l: ' • H * 

s = AL R w sin l r ; s' = AL' FTsin r (98) 

Dividing. by (45), ^ 

AsALVs , aL) h * (1-e si^LO/d-e^siri^L) - q* 

;. e*= (1 - q*)/(«in*L'- q*sin*La (99) 

Since R m = a(l - s^/Ol - e*sin*Lf'\ R^ c((l - e*tV(l - e*sin*Lr> 

Substituting in (98), . %rV » //Ar .' w „ v al s 

c * sC«l - e*sin*LrvAL sin r(l - e x r K \ (iqo) 

c = s'U - e*3inVL # >/AL'sin 1*(1 - e*j* J ^ 
Semi-mittor axis, b - c(-l - e*)j Semi-major axis, a * e^l - e* (101) 
The entire quadrant can be £ouna from (55) if desired* 

108. REOJCTION OP A M3A30R3D ARC TO T33 MSRIDIaN. The arc is sap- 
posed to make onlv a small angle »ith the meridian. 
From (64),.. 

" s = AL R^sin 1* » -k cos z - (k*sin v z tan L)/2N 

+ fc»sin*z cos z (1 + 3 tan*JL)/6N* (102) 

The second term of the second member is small so that 
an a proximate ?alue can be used for ft. 

For* a ch,ain of triangles, this equation can' be applied 
t.o side after side until the Thole length of the chain 

",has been projected. 




*U.w. 



109. TH3 VIDIAN PROM SE7ERAL LATIT3DS DSGRSB MEASUREMENTS. This iftr 
Tolves the formation of observation ?qaation3 te^fen theoteerred lati- 

plest 

account __ .__ F 

4 feet, aside from the station error* % 
or longer ap^s a corrsction lor^ {?$) rill be required. 
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Proa (54) # ds- » RjiL * a(-l - e*TaVU - e*sin*Lj** 

= a(l - e*)dL(l + (3/2)eisinMi), neglecting terns 

above e v ^* 

fit sin*L * 1/2 - (1/2) cos 2L 

ds  a('<l - eMdLfl + (3/4)e* - ( 3/4) e* cos 2L) 
s «-.a(lr T #($1 + (3/4)e*)(L"- L' ) - (3/3)e*(*in aT-sia 2LJ 

Fora. U . s •"« a(i - e*)(l + (G/4)e x )AL- (*/4)e x sin AL cos 2L) 

Por sin AL use Afr - (AL?/5, 

' s ■- a*L(l - e*)(l + (3/4)e*- («/4)e*cos 2L + 

(l/8)e*(ALf cos. 2L) (103) 

Expanding B^, R mS a (i . e ^>(4 + (Q/2)e*sin*L) 

* a(l -* ©*)(H  t3/4)e*- (Q/4)e*cos 2L) 
.*. the approxLaate value by (08) for s, , 

Si  ALR • a*L(l - e*)fa *. (G/4)e*- (G/4)e*cos 2D) 

Subtract ing this* froa the true value (408) will give the correction Ss 
to apply to the approximate value, or 

s- - Si "X* «a aL(l - e*-)(W8){A&^cos 2L, or AL in seconds, 

S9 - a(W8)(AL/sin l'/cos 2L (104) 

fhe correction- for AL  1° reduces to -07*. 028 in- latitude 0°; - 07*014 

for L = SO^'OFOOO for L = 45*; 40r 014 for L « 60°; -07*028 for L'» 90% 
Jordan- give* the following data: 

Latitude Degree Measurements in Surope 
Station Latitude L AL Meridian aro a 

Poraentera L, •■ 33° 39* 58. 1* 

Barcelona. L x = 41 22 47-9 2? 4Z 51.eT 301 354 

French CarcassonaeL, * 43 12 54*3 4 32 53*2 505 137 

BS&SP b r : ft "ft I'M 1 ttf I WM 

Dunnose Ll' » 50 37 7.8 

Greenwich C « 51 23 89*0 51 8U-4 95 820 

Snglish Arburyhill L« * 52 13, 3B.0 1 36 20.4 178 723 

Clifton L. « 53 27 31.1 2 50: 23.5 315 892 

05 1 tin gen L. * 51 18 47.8 
Hanover. Altona [£ » 53 $2 45.3 2 57.5 224 458 

frunz L tx  54 £3 11.5 

Prussian Konigsberg L„ - 54 42 50*5 29 30.0 §4 985 

Mfemel L, n « 55 43 40*4 i 39 23.9 167 962 

Belin ' L, r « 52 2 40.9 

Jakobstadt L, 4  56 30 4.6 "4 27 23.7 496 114 

Russian Dorpat L n -.$8 22 47*3 6 20 6.4 705 209 

Hochland L, t = 60. '5 9.0, 8 2 23.9 895 315 

Mal&rn L„ * 85 31 30.3 

Swedish Pahtawara L M * 87 8 49.8 1 37 19.5 ISO 828 

The first 2 latitudes are connected by the equation, 

L,, - L, « s/B^sin 1* - Ss/R^in 1" (a) 

wtere 1/R^ » (1 - e*sin*L#aU - eM feb) 

Since a and e x are unknown, or required Quantities, we substitute for tfrea 
approziaate values with corrections, a - a + S& e* * e* + S& and 
expand by Maclaurin's theorea # ^ 

l/p w = l/R. +(d(l/R m )/d(*a))Ta + (d(l/R m )/d(*e* JJe* («) 

Bat d(l/Rj/d& -gl - e«"3in*LJfy(l - eM)(-l/aj), = - 1/aJ by neg- 
lecting all terms containing e*. 

d(l/Hj/d(*eM - (d(VRj/dXe)(d(^e)/dtfe^)) * 

* (l/o^(rt-^U-^V^^H«-n'^^v^>-« fc Vxa < 

c (-I/a )(l - XQ/2)sin*L) % by neglecting e* terms. 
Substituting in (c), 

. 1/ff^ - VK- (l/aj)fa + (1 - (3/2)8in*L)S>./a; 

/; ra) become* 

L^ - L. + s/R # siir 1" - s(-l/a , ;sin V)S& 

s(l -(3/^ain k L)5e*/a # sin l r -Js/^ a »i ni 
The value of fcs is given in ('104). 

Considering the meridional arcs perfect or constants in comparison with 
the observed latitudes, with corrections v, affected by station errors the 
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observation equations, (21) Part I, become ,with 

L. + 7, *V ( ; L %  7 % « Vi 

V, - Lu  r, Yl - L* = 7 % 5* 

But V t *V, + s/R.sin V - s(l/a*sin i r )$a' + s(l - (3/2>siD*L)<4/a£ia \\ 
Substituting, -*M*.»inr 

v. + t- L + s/R.sin r*- eOl/a^sin l")Sa + s(«l - (3/tf sin%)(1/vinl*)**' 
I.e.. v, + a„x + \y + 1 %  n, 

wjiere*1000 s(l/a*sin 1*\) * a v ; ^a/1000 - x; s<l - (3/2)8in*t.)(«l/lD00a^« r )* 
« \; lOOOfe?-* y L,- L t + s/R.sin 1* - a # e*(*L)» cos 2L /8R.sin H l" * 1* pfr 

Bquations ('22) Part I, thus become^ as gi7en by Jordan with a. * 
6 377 397. 2; log a. » - 6.804 6435; e*« 0.003 674 372; log e*«i 7.824 4104 
R # « the corresponding 7alue of R^ for the different latitudes by Ob). 

% s 7, 

- 1.53X + 3.71y - 0.2T - v K 

- 2.57x + 5.33y - 1.4 s v> 



v, 



V, - 5.75x + 10.36y -2.1  v* 

7 - 6.98x + 11.31y +1.2 - n- 






7* 

- 0.43x + 0.29y  3.2 s 7, 



* - 0.91x  0.43y +3.2  v% 






W 



v, 



% 






- 1.80x + 0.89y - 1.9 * v. 

* 7.. 

- 1.14x + 0.40y + 5.0.  7„ 

v* - 0.28x A + O.Oly -0.5 -.7,, 

- 0.95x - ,0.03y + &3 4* v.* 

- 2.52x 4 0.13y  S.6 « 7* 

- 3.53x - 0.2?y +0.7 = 7., 
vZ - 4.54x - 0.94y + 2.3 = v,« 

7* * *» 

7„- 0.92x - 1.51y -1.1  v w 

Fornix the normal equations as usual, • „« „« « «*.* 

 5 v • - 18.33x+ 31.21y- 2.50*0 

1 + 4 « - 2.99x+ 1.43y+ 4.50-0 

+ 2 7,. - 1.14x+ 0.40y+5.00 s O 

+ 3 7,. -" 1.13X- 0.02y+- 2.30^) 

+ 4 7,„ - 10.34x- 1.03y+3.30«O 

* + 2 7,. - 0.92x- 1.51y- 1.10O 

-18*337, -2.99*-1.147, % -1.137,i -10.847,*- 0.927,. +137.07x-155.11y-23. 13*0 
♦31.217, +1.4d7 4 +0.407,. -0.027,* - 1.037^-1. 51? M -155. llx+2B7.21y- 14.03-0 

3xDre3sin.<* the 7 in each of the fir3t 3 eouatioua in terms of the other 
quantities and substituting in the last 2,we find x = +0.4023 
y.  -0.2347. Substituting in (d), 

*a * 1000 x « +402P 3 Se x * 0.001 y = + 0.000 2347 
a - a. + Sa » 6 377 397.2 + 402.3 - 6 377 800 e** e* + Se x » 
0.006 6744 + 0.000 2347 = 0.003 9091. 
Substituting the 7alu.es of. x and y in the obeer/atioa equations <e) the 
7'3 are readily found. fr om which f7 tf 1 gJ52*_ 

;. (31). Part I, t-YW/ln-mJ • ^52/12 « 2.*1 for the m.s.e.of a lat- 
itude determination referred to the ellipsoid. This is 7ery ouch great 
er than the m.s.e. of a latitude determination showing that 'an ellipsoid 
of revolution /rill not fit the data without large station errors or local 
deviations of » the plumb line. 
The 7's for each group, i.e., French, 3nglish,etc. foot up zero within OtOl. 
110. THB ELLIPSOID fROIT A DSGRS3 M3A3URBMSST- OBLIQ03 TO TfTS M8RIDIAN. 
The latitude arid. azimuth are obser7ed at each end of the line, as also the 
difference in longitude and the distance, 
Sach observation would give an equation of the form 

f(«X,Y,Z, ) - M,* 7, where the required 

quantities are the most probable values for the observed U,»UvAM,Z ( ,Z K , 

k,and c and e* x for the ellipsoid. Denoting, the corrections to the ob- 
served or assumed values by 9, we have for the initial latitude 

M^ + Sfc,) -L t -7, , or SL, +*0 ■*/ (a) 



fiq.106.) D3Q333 M3AS r J3SMi!K?S. 75 

■* L * ; a&r^^ ;£?*&: >(^».  <^-?*$ 

The quantity f«.(L, ,c ## e; K ),the computed valuB of L w can be found by (S4). 

Place this compated value less L* • U . ^ gor ^ttf**""**** 1 

coefficients only the first term of the second member of (64) need be 

used, i.e., 

f % (Ci, + SL, ,o # +fc, **♦&£)  L,- k cos z/R m 

 Ei, - k COS z.VVc 
(df^/dLjTL, 'IL^ (df^/dc )So «(k oos V?/cVH(df % /de*)*€rM-3k/2c)oo3 z^c 

cos^B.V**** ' 

Collecting results, 

Sl t + (<k cos z,V<Vc*)Jc - («3k/2cJcos z, oos*L, )SerN- l k * i\ <c) 

For AM, ' Place 1,* computed value by- (68) less the observed value, irfcile 
for the differential formula U3S k sin z/Ni cos [4, i.e.., 

f,(c # + So,4*+ Se£) = k 3 iQ z/N'oos L'. » k sin z,Vi>/o cos L fc 
(df,/dc)fc « -(* sin z,V<'/o k cos Lj*c (df^/de**)**^ (k sin z, cos*L,/\ 
C V0*e* 

/. -('k sin z,V7cJcos LjSc + («k sin z, 003^40. VOSe** + 1,» v, (d) 

For azimuth, f H ('Z,+ Sz t ) - z, s v H . or Sz, + s v^ (<e) 

For z 4 , f*(*z, + *z f ,c« + fc.e;*  Se*^) - z x  v*- 

f*(' ) by (73) » *,+ 180° v + AM sinr L m * z,  180° + k sin z.tan I/n* 

 z,  180° + k sin z.tanX.V/c 
(df y /dz,)fz, « * a , (df^/dc^o - (-k sin z.tah L,V/d)£c (df^/der^Se** 
(<k sin z.sin L.cos L/XcV')*** 

.*. $ z , ~(* frin z.tan.L.V/c^Sc + (<k sin z,sin L.oos lgl)Se % + 1*« v, It) 
Collecting equations (a) to (f) and denoting the coeffioients of So and 
Je* v by a and b, 

SL, \ t = *, 

*L, a,/c + b x Je** + U B ** 

a, £6 + b,$e* + 1,  v, (106) 

*z< 1 H s *t 

fz, a*rc + bj*e'* + l r « v 
Weights can be introduced if desired. 

If k is large or poorly measured so that its m. s.e.is appreoiable in 
comparison irith those for L, AM, and z, another equation should be added. 

Mc.+ Jc.e;* + Jer*) - k * v* 
Prom (78) , f c (' ) " N'AM oos E^/sio z,« c oos L x aM/W. sin. z, 
(df,/dc)Sc * (AM cos .L % /v7sin z >Sc (d^/def*)*e* fc « -( c AM cos»L/ 
2V*sin z,)Ser* u T 

*• a^sc  b^*e*+ 1 4 * v c is the equation to be added to (103)* 

l£~a second line starts from the initial station and its azimuth is com- 
puted from the observations which gave z, , there would be added to (103) 

*Ei, + a,*c + b n *e'^ + L,  v 7 from L» 

a,Sc + \se* + 1 % » v % * AM,. a 

Sz t + a,5c + h^Se^ + 1*, * ^ *■ z 3 

*i # *c + b Ja e^ + 1„ - v, if k. a is considered. 

The distance k can be greater than a tri- 
angle side by- solving for an approximate z by 
by (<78) ; computing through the chain of tri- 
angles with tiro angles and the included side 
given eaoh time to find the third angle and 

the second side; calling the change in direc- 
tion of k at each intersection 180°/ a,, 
z x and k as found for the total distance can p> 

then be corrected for the error in closure ***• " * 

at B by adding z to k and dividing y by k sinl* for the oorrection to z. 
For the more general treatment for an astronomical geodetic net, taking 
ito account station error in its effeot upon latitude, longitude and az- 
imuth, see Helaer^s Ho'heren Geodtisie. 
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TABLS I, Formulas and Constants. 

sin*x + cos x x * 1 

tan x  1/cot x « sin x/cos x «Vseo*x - 1 2J 

sinfo * y) s siQ' x cos y ±. cos x sin y 3] 

cos (<x ± y)  cos x cos y ^ sin x sinr y 4J 

tan («x ± y) » (tan zt tan y)/(l ^ tan x tan y) 6] 

cosOiaO*- y> * - cos y; sin<«180° + y>  - sin. y 51 

For small angles, sin x - tan x « x* sin 1" » x*. arc 1* 7} 

sin x * siir y « 2 sin(<«x * y)/2) cos((«x * y)/2) O 

cos(<x + y)  oos (»x - y) c 2 cos x cos, y 9"] 

sinr 2x * 2 sinr x cos x * tfD 

2 oos x x/2 « 1 + cos x lfl 

2 sin*x/2 - 1 - oos i * 13) 

sin x = x - xV3I + x*75! - xV7!  ±9/9! - 1$ 

cos x «1 - xY2! + xV4! - x«/8! + *V8! 14) 
tan x « x + x>/3 + 2x^/15 + 17xV315 + 62xV2835 + 138 2x7 155925 
are sin x * x + x»/3! + 3x*740 +'5xVll2 + 35xV1152  63x"/2313 

arc tan x * x - x?3 + x**/5 - xV7 + x»/9 - x"/ll + tfj 
In the last 5 equations x is in tr-measure. Should x be give* in sec- 
onds multiply by sin 1* 
Plane Oblique Triangles* 

sinr A / a - sin B / b * sin C / o lf& 

a* * b x  o x - 2 b c cos A 1® 

tan««A - B)/2) =((a - b)/(a + b)) tan ((A + B)/2) • afl 

Area triangle * 1/2 b c sin- A 2lJ 

Spherical Oblique 'Triangles. 

siir A / sin- a * sin B / sinr b » sin C / sin c • 2$ 

cot B  (sin: c cot b - cos 4 c cos A)/sin A 2STJ 

oos a e cos b cos o + sin. b sin c cos A 27] 

tanCOA  B)/2) = cot<p/2)cos«a - b)/2)/cos K»  b)/2> 2§) 

spherical Right Triangle, 

•tan A sin b « tan *. 25] 

Binomial Theorem* 

(<a + b)^* a^ + m ar*b + (tt(a - l)/2I)arV«i 32^ 

Maolauriir*s Theorem. B _ t . v ^ 

a' » f Ox) - (u>  (dn/dx)Ox/l!) ♦(«•--- -K^tt/di) taVut) 33} 

Taylor *s Theorem. 

u' = f(*  y) - a  (du/dxKy/ll) * WVdx*)(yV2l) + 

(^a/dx-)/(-r/nl) 341 

Badias of Curvature. .* 

R * - 01 + dyVax*)(dxyd*y)* . 35J 

A.B.Clarke of the-Bnglish Ordnance Survey, gives the following values. 
for the ellipsoid of revolution as found from the various degree meas- 
irements. Tuese values were adopted by the H.S.C.& Geodetic Survey in 
1875 and the following tables which involve the ellipsoid are based up- 
on this data. ^ «^^-^«- 
~Semi-ma jor axis, a « 6378206.™ 4 log 8.8040698o 
semi-minor axis b * 6356583.8 * 8.803 2238 
eccentricity sqiiarede*- 0.006788853 7.830 5023 
One meter « 39.37 inches ("Act of Congress). 
The following formulas are in use. 
e*(e>» - b*)V a e'»k- tfVb 
a = cVl - e 1 * c/Vl  er* b * ot*- e 1 )  c/(»l + e A > 

P * s 1 + e v sin x L V*- 1  er*cos*L = rYCl ^ e^ 

The followin-g approximate valnes are given for the coefficients of ex- 
pansion for 1° F,tbe anit being 1/1 000 000 of the length. 

Glass 4.7 Iron 6.5 

Platinum 4.8 Brass 10.2 

Steel 3.2 Ziac. -16*1 
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